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Abstract
In this work, we revisit Auslander-Buchweitz Approximation Theory and find some re-
lations with cotorsion pairs and model category structures. From the notions of relatives
generators and cogenerators in Approximation Theory, we introduce the concept of left
Frobenius pairs (X , ω) in an abelian category C. We show how to construct from (X , ω) a
projective exact model structure on X∧, as a result of Hovey-Gillespie Correspondence ap-
plied to two compatible and complete cotorsion pairs in X∧. These pairs can be regarded
as examples of what we call cotorsion pairs relative to a thick sub-category of C. We estab-
lish some correspondences between Frobenius pairs, relative cotorsion pairs, exact model
structures and Auslander-Buchweitz contexts. Finally, some applications of these results
are given in the context of Gorenstein homological algebra by generalizing some existing
model structures on the categories of modules over Gorenstein and Ding-Chen rings, and
by encoding the stable module category of a ring as a certain homotopy category. We also
present some connections with perfect cotorsion pairs, covering classes, and cotilting mod-
ules.
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1 Introduction
The study of homological dimensions, which are obtained by replacing the projective or in-
jective modules by certain sub-categories, was initiated by Maurice Auslander and Ragnar
O. Buchweitz in their seminal paper [AB89], which was the starting point for what is now
called relative homological algebra. Of course, the existence of approximations is the prerequi-
site for computing relative dimensions. In recent years, a powerful machinery for producing
approximations was developed, see [ET01,EJ01,GT06] for instance. So it is not surprising that
Auslander-Buchweitz Approximation Theory (to which we refer as “AB Theory” for short) provides
a good setting for investigating relative Gorenstein projective objects in abelian categories.
The main purpose of this paper is to use AB Theory in order to develop, in the general setting
provided by an abelian category C, the theory of left and right Frobenius pairs, and give some
applications in Gorenstein Homological Algebra, Model Category Theory, Homotopy Theory, and
Cotilting Theory.
This paper is organized as follows. We begin recalling in Section 2 some concepts and results
from AB Theory, along with basic notions from relative homological algebra such as resolutions
and homological dimensions. We also present the notion of (left and right) Frobenius pairs (see
Definition 2.6.2), which will constitute the main subject studied in this work. In Section 3, we
recall the concept of cotorsion pairs in exact categories. In the particular case where S ⊆ C is
a thick sub-category, S can be regarded as an exact category, and a complete cotorsion pair in
S is what we call an S-cotorsion pair (see Definition 3.2.1). We later provide in Proposition 3.2.3
an alternative description of S-cotorsion pairs, and use it to induce relative cotorsion pairs
from the notions of generator and cogenerator in AB Theory. Motivated by the interplay between
cotorsion pairs and model categories, we show how to obtain from a strong left Frobenius pair
(X , ω) two compatible and complete cotorsion pairs in the sub-category S := X∧ of objects in C
with finite resolution dimensionwith respect toX (which turns out to be thick). We then apply in
Section 4 a result known as Hovey-Gillespie Correspondence (see Theorem 4.1.2) to obtain an exact
model structure on X∧, which we call the projective Auslander-Buchweitz model structure, where
X , X∧ and ω∧ are the classes of cofibrant, fibrant, and trivial objects, respectively. This model
structure can be applied to particular choices of X in order to encode some known results and
to present new ones. The most remarkable applications of this point will be generalizations
of abelian model structures in Gorenstein and Ding-Chen Homological Algebra. Moreover, we
see in Proposition 4.3.2 that the homotopy category of this model structure represents, in some
sense, a generalization of the stable module category Stmod(R) of a ring R. Finally, in Section 5
we recall inDefinition 5.1.1 the notion ofAuslander-Buchweitz contexts, and present some (one-to-
one) correspondenceswith Frobenius pairs, relative cotorsion pairs, and exact model structures
(see Theorems 5.1.7, 5.2.3, 5.2.5, 5.5.3, and 5.5.5). As an application of these correspondences, we
will present in a categorical context, an important theorem by M. Auslander and I. Reiten,
which establishes a bijective correspondence between basic cotilting modules in mod(Λ) (the
category of finitely generated left modules over an Artin algebra Λ), resolving pre-covering
sub-categories F ⊆ mod(Λ) such that F∧ = mod(Λ), and coresolving pre-enveloping sub-
categories G ⊆ mod(Λ) with finite injective dimension.
The results presented in this paper have their corresponding dual statements (some of which
are self-dual). For the sake of simplicity, we do not state dual statements. For pedagogical rea-
sons, we onlymake an exception for those resultswhose dual versions are also used throughout
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the paper.
2 Auslander-Buchweitz Approximation Theory
We start this section by collecting all the background material that will be necessary in the
sequel. First, we introduce some general notation. Next, we recall the notions of relative pro-
jective dimension and resolution dimension of a given class of objects in an abelian category
C. Finally, we also recall definitions and basic properties we need from AB Theory. In all that
follows, we are taking as a main reference the paper [AB89].
We remark that M. Auslander and R.-O. Buchweitz in some of the results in [AB89] worked
with a resolving and additively closed sub-category X ⊆ C, which is also closed under direct
summands (in C). In a very carefully revision of the proofs of those results, we can see that
some of the properties assumed for X are not used. In order to give nice applications of AB
Theory to Gorenstein Homological Algebra, we give a review by putting in each statement the
minimum needed hypothesis.
2.1 Notation
Throughout this paper, C will be an abelian category and X ⊆ C a class of objects of C (which
can be also though as a full sub-category of C). The notationM ∈ C means thatM is an object of
C. We denote by pd(M) the projective dimension ofM . Similarly, id(M) denotes the injective
dimension ofM . For any non-negative integer n, we set
Projn(C) := {M ∈ C : pd(M) ≤ n}.
In particular, Proj(C) := Proj0(C) is the class of projective objects in C. The classes Injn(C) and
Inj(C) are defined dually.
Let X and Y be two classes of objects of C, andM and N be objects in C. We set the following
notation for each non-negative integer i ≥ 0:
• ExtiC(X , N) = 0 if Ext
i
C(X,N) = 0 for everyX ∈ X .
• ExtiC(M,Y) = 0 if Ext
i
C(M,Y ) = 0 for every Y ∈ Y .
• ExtiC(X ,Y) = 0 if Ext
i
C(X,Y ) = 0 for everyX ∈ X and Y ∈ Y .
We denote by add (X ) the class of all objects isomorphic to direct summands of finite direct
sums of objects in X . Moreover, for each positive integer i > 0, we denote
X⊥i := {N ∈ C : ExtiC(X , N) = 0} and X
⊥ :=
⋂
i>0
X⊥i .
Dually, we have the classes ⊥iX and ⊥X .
2.2 Resolving and coresolving classes
It is said that X is a pre-resolving class if it is closed under extensions and kernels of epi-
morphisms in X . A pre-resolving class is said to be resolving if it contains Proj(C). If the dual
Page 6
Becerril-Mendoza-Pe´rez-Santiago Frobenius pairs in abelian categories
properties hold true, thenwe get pre-coresolving and coresolving classes. A left thick (respec-
tively, right thick) class is a pre-resolving (respectively, pre-coresolving) class which is closed
under direct summands in C. A class is thick if it is both a right thick and left thick class. We
denote by Thick (X ), Thick−(X ) and Thick+(X ) the smallest thick, left thick, and right thick
full sub-categories of C, respectively, containing the class X . A left saturated (respectively,
right saturated) class is a resolving (respectively, coresolving) class which is closed under di-
rect summands in C. A saturated class is both a right saturated and left saturated class. For
example, Proj(C) and ⊥X are left saturated classes of C, while Inj(C) and X⊥ are right saturated
classes of C. In the case C is the category Mod(R) (or Mod(Rop)) of left (respectively, right)
R-modules, for the sake of simplicity, we will denote by Proj(R) and Proj(Rop) the classes of
projective left and right R-modules, respectively.
Remark 2.2.1
The concepts presented in the previous paragraph have their analogous in exact categories.
2.3 Relative homological dimensions
Given a class X ⊆ C and M ∈ C, the relative projective dimension ofM with respect to X is
defined as
pdX (M) := min {n ≥ 0 : Ext
j
C(M,X ) = 0 for every j > n}.
Dually, we denote by idX (M) the relative injective dimension of M with respect to X . Fur-
thermore, for any class Y ⊆ C, we set
pdX (Y) := sup {pdX (Y ) : Y ∈ Y} and idX (Y) := sup {idX (Y ) : Y ∈ Y}.
It can be seen that pdX (Y) = idY (X ). If X = C, we just write pd (Y) and id (Y).
2.4 Resolution and coresolution dimensions.
Let M ∈ C and X be a class of objects in C. The X -resolution dimension of M , denoted
resdimX (M), is the smallest non-negative integer n such that there is an exact sequence
0→ Xn → Xn−1 → · · · → X1 → X0 →M → 0 (2.1)
with Xi ∈ X for every 0 ≤ i ≤ n. The sequence (2.1) is said to be a finite X -resolution ofM . If
such n does not exist, we set resdimX (M) := ∞
1. Also, we denote by X∧ the class of objects in
C having a finite X -resolution (or equivalently, having finite X -resolution dimension).
Dually, we have theX -coresolution dimension ofM , denoted coresdimX (M), and the class X
∨
of objects having a finite X -coresolution.
Given a class Y ⊆ C, we set
resdimX (Y) := sup {resdimX (Y ) : Y ∈ Y},
and coresdimX (Y) is defined dually.
1We assume resdimX (M) =∞ if eitherM has only anX -resolution of infinite length, or ifM has noX -resolution
(finite or infinite). In practice, this assumption may happen to be troublesome, but in this paper we mainly consider
finite X -resolutions.
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2.5 Approximations.
Let X be a class of objects in C. A morphism f : X →M is said to be an X -pre-cover ofM if:
(a) X ∈ X , and
(b) For everyX ′ ∈ X , the induced map
HomC(X
′, f) : HomC(X
′,X)→ HomC(X
′,M)
is surjective; or equivalently, for every f ′ : X ′ →M withX ′ ∈ X , there exists a morphism
h : X ′ → X such that the following triangle commutes:
X M
X ′
f
f
′∃ h
Figure 1: Precovers.
If in addition, in the case X ′ = X and f ′ = f the diagram in Figure 1 can only be completed
by automorphisms of X, then the X -pre-cover f is called an X -cover. Furthermore, an X -pre-
cover f : X → M is special if CoKer (f) = 0 and Ker (f) ∈ X⊥1 . The class X is said to be
pre-covering if every object of C has an X -pre-cover. Similarly, we can define covering and
special pre-covering classes in C, that is, X is covering (resp., special pre-covering) if every
object in C has an X -cover (resp., a special X -pre-cover). Dually, we have the notions of X -
envelopes, X -pre-envelopes, and special X -pre-envelopes in C, along with the corresponding
notions of enveloping, pre-enveloping, and special pre-enveloping classes.
Remark 2.5.1
These notions of approximations are also valid for exact categories.
2.6 Fundamental results in Auslander-Buchweitz Approximation Theory
Having the terminology and notation we have presented so far, we are ready to recall the
necessary background from AB Theory. For a better understanding of the results below, and
as a motivation, we present examples which come from the domain of Gorenstein homological
algebra. Much of the properties we mention for Gorenstein-projective and Gorenstein-injective
modules were already proven by H. Holm in his paper [Hol04], without using AB Theory. So in
the following lines, we will appreciate the wide scope of the results obtained by M. Auslander
and R.-O. Buchweitz in [AB89]. These examples will also be useful to motivate the theory
presented in the next sections.
Let (X , ω) be a pair of classes of objects in C. It is said that ω is X -injective if idX (ω) = 0. We
say that ω is a relative cogenerator in X if ω ⊆ X and for anyX ∈ X there is an exact sequence
0→ X →W → X ′ → 0,
withW ∈ ω andX ′ ∈ X .
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Dually, we have the notions of X -projective and a relative generator in X .
Example 2.6.1
Recall that a left R-moduleM is said to be Gorenstein-projective (or G-projective for short) if there
exists an exact sequence of projective modules
P = · · · → P1 → P0 → P
0 → P 1 → · · ·
with M = Ker(P 0 → P 1), such that HomR(P , P ) is an exact chain complex of abelian groups, for
every P ∈ Proj(R). We denote by GProj(R) the class of G-projective left R-modules. Gorenstein-
injective modules are defined dually, and the class of such modules will be denoted by GInj(R).
Note that every kernel of P is a G-projective module. It follows by this fact that Proj(R) is a relative
cogenerator and a relative generator in GProj(R). Moreover, the exactness of the complex HomR(P , P )
for every P ∈ Proj(R) implies that idGProj(R)(Proj(R)) = 0, that is, that Proj(R) is a GProj(R)-
injective relative cogenerator in GProj(R). On the other hand, it is clear that Proj(R) is GProj(R)-
projective.
Dually, Inj(R) is both a GInj(R)-projective relative generator and a GInj(R)-injective relative cogenera-
tor in GInj(R).
The notions of relative generators and cogenerators provide the setting to define a sort of Frobe-
nius category in a relative sense. Let us be more specific about this in the following lines.
Definition 2.6.2
Let (X , ω) be a pair of classes of objects in C. We say that (X , ω) is a left Frobenius pair in C if
X = Thick−(X ), ω is an X -injective relative cogenerator in X , and ω is closed under direct summands
in C. We say that a left Frobenius pair (X , ω) is strong if ω is also an X -projective relative generator
in X .
Dually, we say that a pair (ν,Y) of classes of objects in C is a right Frobenius pair in C if Y =
Thick+(Y), ν is an Y-projective relative generator in Y , and ν is closed under direct summands in C.
If in addition ν is also an Y-injective relative cogenerator in Y , we say that (ν,Y) is a strong right
Frobenius pair.
Example 2.6.3
In [Hol04, Theoren 2.5], it is proven that GProj(R) is a left saturated class in Mod(R), and so it is
left thick. By the comments in Example 2.6.1, we then have that (GProj(R),Proj(R)) is a strong left
Frobenius pair inMod(R). Dually, (Inj(R),GInj(R)) is a strong right Frobenius pair in Mod(R).
Remark 2.6.4
Let (X , ω) be a strong left Frobenius pair in C. Then X is a Frobenius category in the usual sense,
that is, it is an exact category with enough projectives and injectives, where the classes of projective and
injective objects in X coincide. In this case, the projective and injective objects are given by ω.
The proof of the following result can be found in [MS06, Lemma 2.13].
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Lemma 2.6.5
Let X and Y be classes of objects in C. Then
pdY (X
∨) = pdY (X ) and idX (Y
∧) = idX (Y).
Proposition 2.6.6
Let (X , ω) be a pair of classes of objects in C, such that ω is X -injective. Then, the following statements
hold true.
(a) ω∧ is X -injective.
(b) If in addition ω is a relative cogenerator in X which is closed under direct summands in C, then
ω = {X ∈ X : idX (X) = 0} = X ∩ ω
∧.
Dually, if (ν,Y) is a pair of classes of objects in C such that ν is Y-projective, then the following state-
ments hold true:
(i) ν∨ is Y-projective.
(ii) If in addition ν is a relative generator in Y which is closed under direct summands in C, then
ν = {Y ∈ Y : pdY(Y ) = 0} = Y ∩ ν
∨.
Proof.
Part (a) follows by Lemma 2.6.5, and part (b) is a consequence of [AB89, Lemma 3.7].
Example 2.6.7
By Example 2.6.3, the pair (GProj(R),Proj(R)) satisfies the hypothesis in Proposition 2.6.6. So part
(a) implies that idGProj(R)(Proj(R)
∧) = 0. Note also that Proj(R)∧ = Proj<∞(R), the class of modules
with finite projective dimension. It follows that if M is a G-projective module, then ExtiR(M,W ) = 0
for every W with finite projective dimension, and every i > 0. This property is also stated in [Hol04,
Proposition 2.3], and its dual is also valid for G-injective modules. On the other hand, part (b) implies
that
Proj(R) = GProj(R) ∩ Proj<∞(R),
that is, the projective dimension of a G-projective module is either 0 or infinite. Thus, we have another
proof of [EJ01, Proposition 10.2.3], and its corresponding dual statement for G-injective modules:
Inj(R) = GInj(R) ∩ Inj<∞(R).
In the previous result, if in addition we assume that ω is a relative cogenerator in X and ω
is closed under direct summands, we can obtain a description for the class X ∩ ω∨. This is
specified in the following result, whose proof can be found in [AB89, Lemma 4.3].
Lemma 2.6.8
Let (X , ω) be a pair of classes of objects in C, such that ω is X -injective and a relative cogenerator in X .
If ω is closed under direct summands in C, then
X ∩ ω∨ = {X ∈ X | idX (X) <∞}.
Furthermore, we have that idX (M) = coresdimω(M) for everyM ∈ X ∩ ω
∨.
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In the following result (whose proof can be found in [AB89, Theorem 1.1] ), the expression
resdimω(K) = −1 just means thatK = 0.
Theorem 2.6.9
Let (X , ω) be a pair of classes of objects in C, such that X is closed under extensions, 0 ∈ X and
ω is a relative cogenerator in X . Then the following statements hold true, for any C ∈ C with
resdimX (C) = n <∞.
(a) There exist exact sequences in C
0→ K → X
ϕ
−→ C → 0,
with resdimω(K) = n− 1 andX ∈ X , and
0→ C
ϕ′
−→ H → X ′ → 0,
with resdimω(H) ≤ n and X
′ ∈ X .
(b) If ω is X -injective, then
(i) ϕ : X → C is an X -pre-cover andK ∈ X⊥.
(ii) ϕ′ : C → H is an ω∧-pre-envelope andX ′ ∈ ⊥(ω∧).
Example 2.6.10
From now on, we denote by Gpd(M) and Gid(M) the G-projective and G-injective dimensions of a left
R-moduleM , which is defined (see [EJ01, Chapter 11] ) as
Gpd(M) := resdimGProj(R)(M) and Gid(M) := coresdimGInj(R)(M).
If we are given a Gorenstein ring R, then it is known that (GProj(R),Proj<∞(R)) is a cotorsion pair
in Mod(R) (see Section 3 to recall the definition of cotorsion pairs). Moreover, this pair is known to be
complete, and one way to see this is by providing a cogenerating set for it (see [Hov02, Theorem 8.3]
for instance). This means that for every module M over a Gorenstein ring R, there exists a short exact
sequence
0→W → P →M → 0
where P is G-projective and W has finite projective dimension. The previous sequence is constructed
directly (that is, without using the fact that cotorsion pairs with a cogenerating set are complete) by H.
Holm in [Hol04, Theorem 2.10], for every module M with finite G-projective dimension and over an
arbitrary associative ring R. Moreover, Holm also shows that if Gpd(M) = n, then pd(W ) = n − 1.
The proof of this is not trivial. On the other hand, this is precisely what Theorem 2.6.9 implies after
setting X := GProj(R) and ω := Proj(R).
It is worth recalling that if R is a Gorenstein ring, then GProj<∞(R) = GProj(R)∧ coincides with the
whole category Mod(R), and so the two short exact sequences described in Theorem 2.6.9 imply that
(GProj(R),Proj<∞(R)) is a complete cotorsion pair. We will return to this point in Sections 3 and 4.
Corollary 2.6.11
Let (X , ω) be a pair of classes of objects in C such that X is closed under extensions and direct summands
in C, and let ω be a relative cogenerator in X . If resdimX (C) ≤ 1 and C ∈
⊥1ω, then C ∈ X .
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Proof.
Since resdimX (C) ≤ 1, we get from Theorem 2.6.9 an exact sequence
ε : 0→ K → X → C → 0,
with X ∈ X and K ∈ ω. Then, by the fact that C ∈ ⊥1ω, the exact sequence ε splits and so
C ∈ X .
Example 2.6.12
Set X := GProj(R) and ω := Proj(R). Using Corollary 2.6.11, we have that if we are given a short
exact sequence
0→ A→ B → C → 0
withA,B ∈ GProj(R), and Ext1R(C,P ) = 0 for every P ∈ Proj(R), thenC ∈ GProj(R). This property
of GProj(R) was first proven in [Hol04, Corollary 2.11].
The following result (whose proof can be found in [AB89, Proposition 2.1] ), relates the concepts
of relative projective and resolution dimensions for relative injective cogenerators.
Theorem 2.6.13
Let X ⊆ C be a class of objects closed under extensions and direct summands in C, and ω be an X -
injective relative cogenerator in X , which is closed under direct summands in C. Then
pdω∧(C) = pdω (C) = resdimX (C), for every C ∈ X
∧.
Certain homological dimensions are defined as projective or injective dimensions relative to a
certain class of modules (over a ring R), such as the FP-injective dimension2. There are others,
such as the G-projective dimension, which are defined as a resolution dimension relative to
a class of modules. In the former case, the FP-injective dimension cannot be expressed as a
coresolution dimension relative to a class, unless we assume R is a coherent ring. This is not
the case for the G-projective dimension, as we explain below.
Example 2.6.14
By Theorem 2.6.13, we have that for every left R-moduleM with finite G-projective dimension
Gpd(M) := resdimGProj(R)(M) = pdProj(R)(M) = pdProj<∞(R)(M).
In other words, we have that the following conditions are equivalent:
(1) Gpd(M) ≤ n.
(2) ExtiR(M,L) = 0 for every i > n and every L with finite projective dimension.
(3) ExtiR(M,P ) = 0 for every i > n and every projective left R-module P .
This was proven by Holm in [Hol04, Theorem 2.20], and probably first by E. E. Enochs and O. M. G.
Jenda [EJ01, Proposition 11.5.7] in the case where R a Gorenstein ring.
2“FP” refers to “finitely presented”.
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So far the reader may have already noticed that under certain conditions, the objects in the
class X∧ have special properties. This class will turn out to be an exact sub-category of C in
which we will get cotorsion pairs and construct model structures in the following sections.
So the importance of X∧ demands to know another description for it, from which one can
deduce thatX∧ is exact indeed. This description is given in the next theorem, originally proven
in [AB89, Propositions 3.4 and 3.5].
Theorem 2.6.15
Let X ⊆ C be a pre-resolving class of objects, and ω be X -injective and a relative cogenerator in X .
Then, the following conditions hold true.
(a) X∧ is the smallest pre-resolving and pre-coresolving class in C, containing the class X .
(b) If ω and X are closed under direct summands, then add (X∧) = X∧.
In particular, if (X , ω) is a left Frobenius pair, then X∧ = Thick (X ).
Proposition 2.6.16
Let (X , ω) be a left Frobenius pair in C. Then, for any C ∈ X∧ and n ≥ 0, the following conditions are
equivalent.
(a) resdimX (C) ≤ n.
(b) If
0→ Kn → Xn−1 → · · · → X1 → X0 → C → 0
is an exact sequence, withXi ∈ X , then Kn ∈ X .
The previous result, proven in [AB89, Proposition 3.3], has also applications to Gorenstein Ho-
mological Algebra. The particular case where X := GProj(R) and ω := Proj(R)was first proven
in [Hol04, Theorem 2.20], and extends the equivalence mentioned in Example 2.6.14.
The cotorsion pairs we construct in the following sections, and the model structures associated
to them on X∧, involve the classes ω and ω∧. So we devote the rest of this section to present
properties of these classes. We begin with the following description of ω∧, whose proof can be
found to [AB89, Proposition 3.6].
Proposition 2.6.17
Let X ⊆ C be a class of objects closed under extensions, and ω be a class closed under direct summands
in C, which is X -injective and a relative cogenerator in X . Then
ω∧ = X⊥ ∩ X∧.
Given a left Frobenius pair (X , ω), the class ω∧ is not necessarily thick. The following three
results sort of measure how far is ω∧ from being thick.
Proposition 2.6.18
Let (X , ω) be a left Frobenius pair in C. Then
X∧ ∩ ⊥ω = X = X∧ ∩ ⊥(ω∧).
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Proof.
By Proposition 2.6.6 (a), we know that X ⊆ ⊥ω and X ⊆ ⊥(ω∧).
We assert that X∧ ∩ ⊥(ω∧) ⊆ X . Indeed, let C ∈ X∧ ∩ ⊥(ω∧). Then, from Theorem 2.6.9, there is
an exact sequence
ε : 0→ C → Y → X → 0,
where X ∈ X ⊆ ⊥(ω∧) and Y ∈ ω∧. Since C ∈ ⊥(ω∧), it follows that Y ∈ ⊥(ω∧), and therefore
ExtiC(Y, ω
∧) = 0, for any i ≥ 1. But now, using Theorem 2.6.13, we get
0 = pdω∧(Y ) = resdimX (Y )
and thus Y ∈ X . After that, we have the exact sequence ε, with Y,X ∈ X . Hence C ∈ X since
X is pre-resolving.
Finally, the inclusion X∧ ∩ ⊥ω ⊆ X follows as in the preceding proof.
In order to get a description of the class Thick(ω), we introduce the following definition.
Definition 2.6.19
For any class X ⊆ C of objects in C, we set
Inj<∞X (C) := {C ∈ C | idX (C) <∞}.
Note that Inj<∞X (C) is a thick sub-category of the abelian category C.
For every full sub-category Y ⊆ C, we set Inj<∞X (Y) := Inj
<∞
X (C) ∩ Y .
Theorem 2.6.20
Let X ⊆ C be a pre-resolving class of objects in C, and ω be an X -injective relative cogenerator in X .
Then, the following statements hold.
(a) (ω∧)∨ = Inj<∞X (X
∧).
(b) If X and ω are closed under direct summands in C (and so (X , ω) is a left Frobenius pair in C),
then
(ω∧)∨ = Thick (ω).
Proof.
Part (a) follows by [AB89, Proposition 4.2].
We now prove part (b). Let X and ω be closed under direct summands in C. Then, by The-
orem 2.6.15, we know that X∧ = Thick (X ), and thus (ω∧)∨ is a thick sub-category in C (see
(a)). Assume that B is a thick sub-category of C containing ω. Since B is closed under cokernel
of monomorphisms, it follows that ω∧ ⊆ B, and using now that B is closed under kernel of
epimorphisms we get that (ω∧)∨ ⊆ B.
In the next theoremwe obtain another equality involving the class Inj<∞X (X
∧). It is a result due
to M. Auslander, R.-O. Buchweitz, and I. Reiten [AB89,AR91]. The statement given below is a
simplification of the one given in [Has00, Theorem 1.12.10], and adapted to our terminology and
notation.
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Theorem 2.6.21
Let C be an abelian category, X a left thick class, and Y a right thick class contained in X∧, such that
ω := X ∩ Y is an X -injective relative cogenerator in X . Then
Y = ω∧ = X∧ ∩ X⊥ = X∧ ∩ X⊥1 = Inj<∞X (X
∧) ∩ ω⊥.
Proof.
By Proposition 2.6.17, we have ω∧ = X∧ ∩X⊥. We now show that ω∧ = Y . Indeed, since ω ⊆ Y ,
we have ω∧ ⊆ Y∧, and since Y is right thick, we obtain Y∧ = Y . The inclusion ω∧ ⊆ Y follows.
Now let Y ∈ Y . Knowing that Y ⊆ X∧, we can apply Theorem 2.6.9 to get a short exact sequence
0→ K → X → Y → 0
withX ∈ X andK ∈ ω∧ ⊆ Y . Since Y is closed under extensions, we have thatX ∈ X ∩Y =: ω.
It follows that Y ∈ ω∧, that is, Y ⊆ ω∧. So far, we have proven the equalities Y = ω∧ = X∧∩X⊥.
For the third equality, it is clear that X∧ ∩ X⊥ ⊆ X∧ ∩ X⊥1 . Now let Z ∈ X∧ ∩ X⊥1 . By
Theorem 2.6.9 again, there exists a short exact sequence
0→ Z →W → X → 0
with W ∈ ω∧ and X ∈ X . Since Ext1C(X,Z) = 0, the previous sequence splits, Z is a direct
summand ofW ∈ ω∧ = Y , and so Z ∈ Y = X∧ ∩ X⊥. Hence, the third equality follows.
Finally, we prove Y = Inj<∞X (X
∧) ∩ ω⊥. Note that Y ⊆ X⊥ ⊆ ω⊥, and by Theorem 2.6.20, we
know
Y = ω∧ ⊆ (ω∧)∨ = Inj<∞X (X
∧).
So Y ⊆ Inj<∞X (X
∧) ∩ ω⊥.
Now let Z ∈ Inj<∞X (X
∧) ∩ ω⊥, with idX (Z) = k < ∞. We use induction on k to prove Z ∈ Y .
Suppose k = 1. Given X ∈ X , there is an exact sequence
0→ X →W → X ′ → 0
withW ∈ ω andX ′ ∈ X . Then there is an exact sequence
Ext1C(W,Z)→ Ext
1
C(X,Z)→ Ext
2
C(X
′, Z)
where Ext1C(W,Z) = 0 since Z ∈ ω
⊥, and Ext2C(X
′, Z) = 0 since idX (Z) = 1. It follows Z ∈
X∧ ∩ X⊥1 = Y . Now if idX (Z) = k, then in a similar way we can show that Ext
k−1
C (X,Z) = 0
for every X ∈ X . Repeating this procedure, we finally get that Z ∈ X⊥1 , and hence the result
follows.
3 Relative cotorsion pairs
The section is devoted to present the notion of cotorsion pairs relative to a thick sub-category
of an abelian category. We begin this section recalling the concept of cotorsion pairs in exact
categories, and then introduce the relative S-cotorsion pairs as complete cotorsion pairs in a
thick sub-category S of an abelian category C. Later, we provide a characterization for this
concept which, along with the results presented in Section 2, will allow us to construct relative
cotorsion pairs from Frobenius pairs. Throughout this section, the term “sub-category” means
“full sub-category”.
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3.1 Cotorsion pairs in exact categories
The notion of cotorsion pair was first introduced by L. Salce in [Sal79]. It is the analog of a
torsion pair where the functor HomC(−,−) is replaced by Ext
1
C(−,−). Roughly speaking, two
classes A and B of objects in C form a cotorsion pair if they are orthogonal to each other with
respect to the functor Ext1C(−,−).
Most of the homological algebra done for abelian categories carries over to exact categories
(This can be appreciated in the detailed survey [Bu¨h10] of exact categories written by T. Bu¨hler).
So it is not surprising the existence of the notion of cotorsion pair for exact categories.
The concept of cotorsion pairs in exact categories given below is due to J. Gillespie (See [Gil11,
Definition 2.1]). Due to the purposes of this paper, we split this concept into left and right cotor-
sion pairs.
Let (E , τ) be an exact category, where τ is a class of “short exact sequences” in E . The axioms
of exact categories allows us to construct the extension functors ExtiE(−,−) as in abelian cate-
gories, that is, using the Baer-Yoneda description. For example, in the case i = 1, Ext1E(A,B) is
the abelian group of equivalence classes of short exact sequences
0→ B → C → A→ 0 (3.1)
in τ , where the zero element is given by the class of the split sequence
0→ B → A⊕B → A→ 0.
Every morphism B → C appearing in a short exact sequence (3.1) in τ is called an admissible
monomorphism. Dually, we have admissible epimorphisms. An object I ∈ E is τ -injective
if any admissible monomorphism I → C splits, or equivalently, if Ext1E(X, I) = 0 for every
X ∈ E . τ -Projective3 objects in E have a dual description.
Example 3.1.1
Let C be an abelian category. Then, C is exact with τ formed by the family of all short exact sequences in
C. Thus, every result or definition presented below in the context of exact categories will be also valid for
abelian categories.
Now let S be a thick sub-category of C. Then S is also an exact category, where the family τ is formed by
the short exact sequences (3.1) such that A,B,C ∈ S . This exact category S is not necessarily abelian.
In fact, S is abelian if, and only if, S is an admissible sub-category of C (See [MMSS16, Proposition
2.3] for details).
Definition 3.1.2
Let (E , τ) be an exact category, and F and G be classes of objects in E . The pair (F ,G) is said to be a
left cotorsion pair if F = ⊥1G4. We say that a left cotorsion pair (F ,G) in E is complete if for every
X ∈ E there exists a short exact sequence
0→ G→ F → X → 0 (3.2)
3If there is no need to specify the class τ of short exact sequences in E , τ -injective and τ -projective objects will be
simply referred as projective and injective objects in E .
4Orthogonal classes in exact categories are defined as in abelian categories.
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with F ∈ F and G ∈ G. Note that in this case, the morphism F → X in the sequence (3.2) is a special
F-pre-cover5 .
Dually, we have the concept of (complete) right cotorsion pair.
Finally, we say that (F ,G) is a cotorsion pair if it is both a left and a right cotorsion pair. A cotorsion
pair (F ,G) is complete if it is complete as a left and as a right cotorsion pair.
An exact category (E , τ) is said to have enough τ -injectives if for every object X ∈ E there
exists an admissible monomorphisms X → I , where I is a τ -injective object of E . If E satisfies
the dual property, we say that E have enough τ -projectives.
The following result states that the dual notions of pre-covers and pre-envelopes are equivalent
when consideredwith respect to a cotorsion pair. The reader can see the original proof in [Sal79,
Corollary 2.4], whose arguments carry over to exact categories.
Lemma 3.1.3
For a cotorsion pair (F ,G) in an exact category E , with enough projectives and injectives, the following
conditions are equivalent.
(a) Every object in E has a special F-pre-cover.
(b) Every object in E has a special G-pre-envelope.
Definition 3.1.4
Let (F ,G) be a cotorsion pair in an exact category E . We say that (F ,G) is left hereditary if F is
resolving (in E). Dually, we have the notion of right hereditary cotorsion pair in E . A hereditary
cotorsion pair in E is a cotorsion pair which is both left and right hereditary.
The dual notions of resolving and coresolving classes are equivalent when considered with
respect to a cotorsion pair, as specified in the following result (See [Roz99, Theorem 1.2.10]).
Lemma 3.1.5
For a cotorsion pair (F ,G) in an exact category (E , τ), with enough τ -projectives and τ -injectives, the
following conditions are equivalent.
(a) (F ,G) is left hereditary.
(b) (F ,G) is right hereditary.
(c) idF (G) = 0.
Note that, in an hereditary cotorsion pair (F ,G) in an exact category E , we have that F is left
saturated and G is right saturated (in E).
5(Pre-)cover and (pre-)envelopes in exact categories are defined as in abelian categories.
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3.2 Cotorsion pairs relative to thick sub-categories
From now on, we focus on a special type of complete cotorsion pair in a thick sub-category S
of an abelian category C. We provide in Proposition 3.2.3 a characterization for these pairs, more
suitable to study properties and construct examples related to AB Theory.
Definition 3.2.1
Let S be a thick sub-category of an abelian category C (and then an exact sub-category). Let F and G be
two classes of objects in C. We say that (F ,G) is a left S-cotorsion pair in C if (F ,G) is a complete left
cotorsion pair in the exact category S . Dually, we have the definition of right S-cotorsion pairs in C.
Finally, we say that (F ,G) is an S-cotorsion pair if it is both a left and a right S-cotorsion pair in C.
Remark 3.2.2
Note the following facts about S-cotorsion pairs and orthogonal classes:
(a) If (F ,G) is a left S-cotorsion pair, then F and G are sub-classes of S .
(b) For any X and Y classes of objects in C, we consider the relative perpendicular classes
⊥i,YX := ⊥iX ∩ Y and X⊥i,Y := X⊥i ∩ Y.
It follows that if S is a thick sub-category of C, the relative perpendicular classes in C with respect
to S are set according to the previous definition. Hence, if (F ,G) is a left (resp., right) S-cotorsion
pair, then
F = ⊥1,SG = ⊥1G ∩ S (resp., G = F⊥1,S = F⊥1 ∩ S).
(c) If (F ,G) is a left S-cotorsion pair in C, then F is closed under extensions, since F = ⊥1,SG.
Dually, G is closed under extension for every right S-cotorsion pair (F ,G) in C.
Proposition 3.2.3
Let (F ,G) be a pair of classes of objects in C and S a thick sub-category of C. Consider the following
conditions:
(scp1) F ,G ⊆ S , and F is closed under direct summands in C.
(scp2) F ,G ⊆ S , and G is closed under direct summands in C.
(scp3) Ext1C(F ,G) = 0.
(scp4) For every object S ∈ S , there exists an epic F-pre-cover ϕ : F → S, with Ker(ϕ) ∈ G.6
(scp5) For every object S ∈ S , there exists a monic G-pre-envelope ψ : S → G, with CoKer(ψ) ∈ F .
Then the following statements hold true:
(a) (F ,G) is a left S-cotorsion pair in C if, and only if, F and G satisfy (scp1), (scp3) and (scp4).
(b) (F ,G) is a right S-cotorsion pair in C if, and only if, F and G satisfy (scp2), (scp3) and (scp5).
(c) (F ,G) is an S-cotorsion pair in C if, and only if, F and G satisfy conditions from (scp1) to (scp5).
6Note that if G ⊆ S and condition (scp3) holds, then these F-pre-covers are special since G ⊆ F⊥1,S . However,
the inclusion G ⊇ F⊥1,S is not true in general, and so not every special F-pre-cover of S has kernel in G.
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Proof.
We only prove part (a), since (b) is dual, and (c) follows from (a) and (b).
Suppose (F ,G) is a left S-cotorsion pair. Then by Remark 3.2.2, we have F and G are sub-classes
of S . The same remark tell us that F = ⊥1G ∩ S , and so F is closed under direct summands
since both ⊥1G and S are. Hence, condition (scp1) follows. Condition (scp3) follows by the
equality F = ⊥1,SG, and by the fact that F and G are sub-classes of S . Finally, (scp4) follows
by the fact that (F ,G) is a complete left cotorsion pair in S . The right-hand morphisms in the
exact sequence (3.2) are epic F-pre-covers with kernel in G.
Now suppose that F and G are two classes of objects in C satisfying conditions (scp1), (scp3)
and (scp4). Then by (scp1), we have that F and G are sub-classes of S . Let us check the equality
F = ⊥1,SG. The inclusion F ⊆ ⊥1,SG follows by the equality Ext1C(F ,G) = 0. Now let S ∈
⊥1,SG.
By (scp4), there exists a short exact sequence
0→ Ker(ϕ)→ F
ϕ
−→ S → 0
with F ∈ F and Ker(ϕ) ∈ G. Then Ext1C(S,Ker(ϕ)) = 0, and so the previous short exact
sequence splits. It follows that S is a direct summand of F ∈ F , and since F is closed under
direct summands by (scp1), we have S ∈ F , and hence the inclusion ⊥1,SG ⊆ F follows. So far
we have proven that (F ,G) is a left cotorsion pair in S , and the completeness of (F ,G) follows
by (scp4).
3.3 Relative cotorsion pairs from Frobenius pairs
The characterization of (left and right) S-cotorsion pairs given in Proposition 3.2.3 allows us to
construct easily cotorsion pairs from Frobenius pairs (See Definition 2.6.2). Later on we will
study correspondences between these two notions.
Theorem 3.3.1
Let (X , ω) be a left Frobenius pair in C. Then, the following statements hold:
(a) (X , ω∧) is an X∧-cotorsion pair in C.
(b) The following equalities hold
ω∧ = X⊥ ∩ X∧, ω = X ∩ ω∧, and X = X∧ ∩ ⊥ω = X∧ ∩ ⊥(ω∧).
Dually, if (ν,Y) is a right Frobenius pair in C, then the following statements hold:
(i) (ν∨,Y) is a Y∨-cotorsion pair in C.
(ii) The following equalities hold:
ν∨ = ⊥Y ∩ Y∨, ν = Y ∩ ν∨, and Y = Y∨ ∩ ν⊥ = Y∨ ∩ (ν∨)⊥.
Proof.
By Theorem 2.6.15, we know that X∧ is a thick sub-category in C. On the other hand, by
Lemma 2.6.5 we have idX (ω
∧) = idX (ω) = 0, and so (scp3) follows. Furthermore, Proposi-
tion 2.6.17 gives us that ω∧ = X⊥ ∩ X∧, and hence ω∧ is closed under direct summands.
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Condition (scp2) then follows; while (scp1) is true since X is left thick. Note that (scp4) and
(scp5) hold by Theorem 2.6.9, and hence we conclude by Proposition 3.2.3 that (X , ω∧) is an X∧-
cotorsion pair in C. Furthermore, X∧ ∩ ⊥ω = X = X∧ ∩ ⊥(ω∧) follow from Proposition 2.6.18.
Finally, the equality ω = X ∩ ω∧ follows from Proposition 2.6.6.
If we impose an exact condition on (X , ω) in the previous theorem, then it is possible to con-
struct another X∧-cotorsion pair in C.
Theorem 3.3.2
Let (X , ω) be a strong left Frobenius pair in C. Then the following conditions hold:
(a) (ω,X∧) is a X∧-cotorsion pair in C.
(b) ω∧ = Thick(ω).
Dually, if (ν,Y) is a strong right Frobenius pair in C, then:
(i) (Y∨, ν) is a Y∨-cotorsion pair in C.
(ii) ν∨ = Thick(ν).
Proof.
(a) By Theorem 2.6.15, we get that X∧ is a thick sub-category of C. Now note that ω is closed
under direct summands by hypothesis, and X∧ satisfies the same property since it is
thick. Moreover, ω ⊆ X∧. Then conditions (scp1) and (scp2) follows.
To show (scp3), it suffices to use Lemma 2.6.5 and the condition pdX (ω) = 0 as follows:
0 = pdX (ω) = idω(X ) = idω(X
∧).
Note that (scp5) is trivial since 0 ∈ ω (which follows using the property that ω is closed
under direct summands).
Finally, we show (scp4). Let Y ∈ X∧. By Theorem 3.3.1, there exists a short exact sequence
0→ K
α
−→ X
β
−→ Y → 0
withK ∈ ω∧ and X ∈ X . On the other hand, there exists a short exact sequence
0→ X ′
i
−→W
p
−→ X → 0
with X ′ ∈ X and W ∈ ω, since ω is a relative generator in X . Now consider the com-
position q = β ◦ p. By Snake Lemma and the fact that p is epic, we obtain a short exact
sequence
0→ Ker(p)→ Ker(q)→ Ker(β)→ 0
where Ker(p) = X ′ ∈ X and Ker(β) = K ∈ ω∧ ⊆ X∧. Then Ker(q) ∈ X∧ since X∧ is
thick. Hence, we have a short exact sequence
0→ Ker(q)→ W
q
−→ Y → 0
withW ∈ ω and Ker(q) ∈ X∧, proving (scp4).
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(b) Indeed, by Theorem 2.6.20, we have
X ∩ Thick(ω) = X ∩ Inj<∞X (X
∧) = Inj<∞X (X ).
By Lemma 2.6.8, we have Inj<∞X (X ) = X ∩ω
∨, and by Proposition 2.6.6we have X ∩ω∨ = ω.
Hence, X ∩ Thick(ω) = ω holds true. Setting Y := Thick(ω) in Theorem 2.6.21, it follows
that ω∧ = Thick(ω).
Corollary 3.3.3
If (X , ω) is a strong left Frobenius pair in C, then ω is the class of projective objects in the exact sub-
category X∧ ⊆ C. Moreover, X∧ has enough projectives.
Proof.
It follows from Theorem 3.3.2, since ω = ⊥1,X∧ (X∧) = Proj(X∧).
So far we know that the concept of S-cotorsion pair is a description of the notion of (left and
right) completeness of cotorsion pairs in S . In the next section, we introduce the property of
“being hereditary” for S-cotorsion pairs in C, and compare it with the standard definition of
hereditary cotorsion pairs in S (that is, Definition 3.1.4).
3.4 Hereditary relative cotorsion pairs
We now study the analogous notion of hereditary cotorsion pairs in the relative context (See
Definition 3.4.1). However, this notion will not be equivalent to that of hereditary cotorsion
pairs in exact categories. We later in this section present some conditions under which the X∧-
cotorsion pairs obtained in Theorem 3.3.1 and Theorem 3.3.2 are hereditary in the sense of the
following definition.
Definition 3.4.1
We say that an S-cotorsion pair (F ,G) in C is left hereditary ifF is a resolving class in S . Furthermore,
we say that (F ,G) is left strong hereditary if F is a resolving class in C.
The notions of right (strong) hereditary and (strong) hereditary S-cotorsion pairs in C are defined
similarly.
Is it possible to establish some condition underwhich the projective objects of C and S coincide?
This question is settled in the following result.
Proposition 3.4.2
Let S be a thick sub-category of C. If Proj(C) ⊆ S and C has enough projectives, then Proj(S) = Proj(C).
Proof.
First, note that the inclusion Proj(C) ⊆ Proj(S) is clear since Proj(C) ⊆ S . Now, let Q ∈ Proj(S).
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Since C has enough projectives, there exists a short exact sequence
0→ K → P → Q→ 0 (3.3)
with P ∈ Proj(C) ⊆ Proj(S). We also know that S is a thick sub-category, and so K ∈ S . It
follows (3.3) is a short exact sequence in S , and since Q ∈ Proj(S), we have (3.3) splits, and so
Q is a direct summand of P , which in turn implies Q ∈ Proj(C).
As a consequence of the previous result, we have the following remark.
Remark 3.4.3
Let (F ,G) be a cotorsion pair in S. If C has enough projectives, then F is resolving in C if, and only if,
F is resolving in S and Proj(C) ⊆ F .
Theorem 3.4.4
Let (F ,G) be a left strong hereditary S-cotorsion pair in C and ω := F ∩G. If C has enough projectives,
then the following statements hold:
(a) ExtiC(F ,G) = 0 for i ≥ 1.
(b) (F , ω) is a left Frobenius pair in C.
(c) (ω,G) is a right Frobenius pair in C.
(d) If G ⊆ F∧, then (F ,G) is an F∧-cotorsion pair and
G = ω∧ = F∧ ∩ F⊥ and F = F∧ ∩ ⊥ω = F∧ ∩ ⊥(ω∧).
Proof.
(a) Let F ∈ F and G ∈ G. Since F is resolving (in C) and C has enough projectives, we have
that Ωi−1(F ) ⊆ F , for any i ≥ 1. Then we have that ExtiC(F,G) ≃ Ext
1
C(F
′, G) = 0, for
every F ′ ∈ Ωi−1(F ).
(b) First, we need to check that F is left thick. Since F is resolving, it is only left to check that
F is closed under direct summands in C, which follows from the equality F = ⊥1G ∩ S .
Note that ω is closed under direct summands since both F and G are. So, in order to show
that (F , ω) is a left Frobenius pair in C, it remains to check that ω is an F-injective relative
cogenerator in F . Part (a) implies that ω is F-injective, since idF (ω) ≤ idF (G) = 0. Now
let F ∈ F . By (scp5), there exists a short exact sequence
0→ F →W → F ′ → 0
in C with F ′ ∈ F andW ∈ G. Since F is closed under extensions, we obtainW ∈ F ∩G =:
ω, proving that ω is a relative cogenerator in F . Hence, (b) follows.
(c) We first check that G is right thick. The equality G = F⊥1 ∩ S implies that G is closed
under extensions and direct summands in C. Now consider a short exact sequence
0→ A→ B → C → 0
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in S , with A,B ∈ G. Applying the functor HomC(F,−) to the above exact sequence, with
F running over F , we get an exact sequence
Ext1C(F,B)→ Ext
1
C(F,C)→ Ext
2
C(F,A)
where Ext1C(F,B) = 0 and Ext
2
C(F,A) = 0 since idF (G) = 0 by (a). Hence, it follows that
C ∈ F⊥1 ∩ S = G. Thus, we have that G is right thick. The rest of the proof follows as in
(b).
(d) Since (F , ω) is a left Frobenius pair in C, we get from Theorem 3.3.1 that
ω∧ = F∧ ∩ F⊥ and F∧ ∩ ⊥ω = F = F∧ ∩ ⊥(ω∧).
We assert that G = ω∧. Indeed, from (c) we get that ω∧ ⊆ G. In order to prove that
G ⊆ ω∧, it suffices to see that G ⊆ F∧ ∩ F⊥. But this follows from (a), since G ⊆ F∧.
The following result shows us how to obtain strong hereditary relative cotorsion pairs from
hereditary cotorsion pairs in abelian categories.
Corollary 3.4.5
Let (F ,G) be a left hereditary complete cotorsion pair in C and ω := F ∩G. If C has enough projectives,
then (F ,G ∩ F∧) is a left strong hereditary F∧-cotorsion pair in C, and
ω∧ = G ∩ F∧ = F∧ ∩ F⊥ and F = F∧ ∩ ⊥ω = F∧ ∩ ⊥(ω∧).
Proof.
Note that (F ,G) is a left strong hereditary C-cotorsion pair in C. Then by Theorem 3.4.4, we get
that (F , ω) is a left Frobenius pair. Hence by Theorem 3.3.1, it follows that (F , ω∧) is a left strong
hereditary F∧-cotorsion pair in C, and furthermore, we have the equalities
ω∧ = F⊥ ∩ F∧ and F = F∧ ∩ ⊥ω = F∧ ∩ ⊥(ω∧).
where G = F⊥1 = F⊥, since F is resolving and C has enough projectives.
We close this section presented the conditions for which the X∧-cotorsion pairs (X , ω∧) and
(ω,X∧) are strong hereditary.
Theorem 3.4.6
Let (X , ω) be a strong left Frobenius pair in C. Then the following conditions are equivalent:
(a) Proj(C) ⊆ ω and Inj(C) ⊆ X∧.
(b) (ω,X∧) is a strong hereditary X∧-cotorsion pair in C.
(c) (X , ω∧) is a strong hereditary X∧-cotorsion pair in C.
Proof.
First, note by Theorems 3.3.1 and 3.3.2 that (X , ω∧) and (ω,X∧) are X∧-cotorsion pairs in C, and
ω∧ is thick.
Page 23
Becerril-Mendoza-Pe´rez-Santiago Frobenius pairs in abelian categories
• (a) =⇒ (b): It suffices to show that ω is pre-resolving in C and X∧ is pre-coresolving
in C. The latter fact holds since X∧ is thick. The equality ω = ⊥1(X∧) ∩ X∧ implies
that ω is closed under extensions. To show that ω is also closed under taking kernel of
epimorphisms in ω, suppose we are given a short exact sequence
0→ A→ B → C → 0
with B,C ∈ ω. Since ω ⊆ X , we have B,C ∈ X , and so A ∈ X since X is left thick. On
the other hand, the inclusion ω ⊆ ω∧ and the fact that ω∧ is thick implies that A ∈ X ∩ω∧,
where X ∩ ω∧ = ω by Theorem 3.3.1. Hence A ∈ ω, and (b) follows.
• (b) =⇒ (c): Suppose the X∧-cotorsion pair (ω,X∧) in C is strong hereditary. Then
Proj(C) ⊆ ω and Inj(C) ⊆ X∧. The class ω∧ is pre-coresolving, since it is thick. Note
also that Inj(C) ⊆ X⊥. It follows Inj(C) ⊆ X⊥ ∩ X∧ = ω∧, where the last equality comes
from Theorem 3.3.1. Hence, ω∧ is coresolving in C. Concerning the class X , we have on
the one hand that X is pre-resolving since X = Thick−(X ). On the other hand, we know
by hypothesis that Proj(C) ⊆ ω ⊆ X . Then X is a resolving class in C. Hence, (X , ω∧) is a
strong hereditary X∧-cotorsion pair in C, and (c) follows.
• (c) =⇒ (a): Now suppose (X , ω∧) is a strong hereditary X∧-cotorsion pair in C. Since
ω∧ is coresolving in C, we have Inj(C) ⊆ ω∧ ⊆ X∧. On the other hand, the inclusion
Proj(C) ⊆ X and the equality ω = ⊥1(X∧) ∩ X∧ imply that Proj(C) ⊆ ω. Therefore, (a)
holds.
3.5 Some examples of relative cotorsion pairs
We devote this section to study several examples of S-cotorsion pairs. We will present Goren-
stein and Ding-Chen Homological Algebra encoded as particular instances of the setting pre-
sented before by Frobenius pairs.
Pairs fromGorenstein-projective andGorenstein-injective modules: Consider C := Mod(R),
X := GProj(R) and ω := Proj(R). The class X is left thick by [Hol04, Theorem 2.5] and ω
is X -injective by [Hol04, Proposition 2.3]. By Example 2.6.3, we know that (GProj(R),Proj(R))
is a strong left Frobenius pair in Mod(R). Then by Theorems 3.3.1 and 3.3.2 we have that
(GProj(R),Proj<∞(R)) and (Proj(R),GProj<∞(R)) are GProj<∞(R)-cotorsion pairs in Mod(R).
This pairs are not in general left strong hereditary, since the inclusions Inj(R) ⊆ GProj<∞(R)
and Inj(R) ⊆ Proj<∞(R) are not necessarily true. Note that these pairs are (left and right)
hereditary as cotorsion pairs in the exact category GProj<∞(R). However, this two notions
of hereditary cotorsion pairs coincide in the case R is a Gorenstein ring, where the equalities
GProj<∞(R) = Mod(R) and Proj<∞(R) = Inj<∞(R) hold.
Recall from Example 2.6.7 the equality Proj(R) = GProj(R) ∩ Proj<∞(R). Furthermore, the
following equalities also hold:
Proj<∞(R) = GProj(R)⊥ ∩ GProj<∞(R),
GProj(R) = GProj<∞(R) ∩ ⊥Proj(R) = GProj<∞(R) ∩ ⊥Proj<∞(R).
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These equalities are generalizations of the orthogonality relations Proj<∞(R) = GProj(R)⊥ and
GProj(R) = ⊥Proj<∞(R) which hold in the case R is a Gorenstein ring, since in that case we
have a cotorsion pair (GProj(R),Proj<∞(R)) and the equality GProj<∞(R) = Mod(R) (see [EJ01,
Remark 11.5.10]). Then the following result follows.
Corollary 3.5.1
If GProj<∞(R) = Mod(R), then (GProj(R),Proj<∞(R)) is a hereditary complete cotorsion pair in
Mod(R).
We also have dual conclusions if we set Y := GInj(R) and ν := Inj(R) in Theorems 3.3.1 and
3.3.2.
Pairs from Ding-projective and Ding-injective modules: The results by H. Holm that we
cited previously from [Hol04], along with the arguments proving them, carry over to the no-
tions of Ding-projective and Ding-injective modules.
Recall that a left R-moduleM is said to be Ding-projective (or D-projective for short) if there
exists an exact sequence of projective modules
P = · · · → P1 → P0 → P
0 → P 1 → · · ·
withM = Ker(P 0 → P 1), such that HomR(P , F ) is an exact chain complex of abelian groups,
for every flat module F ∈ Flat(R). We denote by DProj(R) the class of D-projective left R-
modules. Dually, a left R-moduleN isDing-injective if there exists an exact sequence of injec-
tive modules
I = · · · → I1 → I0 → I
0 → I1 → · · ·
with N = Ker(I0 → I
0), such that HomR(J, I) is an exact chain complex of abelian groups, for
every FP-injective module J (that is, a left R-module in FP⊥1 , where FP denotes the class of
finitely presented left R-modules).
Using a similar reasoning as in the example of G-projective modules, if we set C := Mod(R),
X := DProj(R) as the class of D-projective modules, and ω := Proj(R), then we have that
the pair (DProj(R),Proj(R)) is strong left Frobenius. Hence we have left strong hereditary
DProj<∞(R)-cotorsion pairs (DProj(R),Proj<∞(R)) and (Proj(R),DProj<∞(R)) inMod(R), where
DProj<∞(R)) denotes the class of modules with finite D-projective dimension. The first of these
cotorsion pairs is a generalization of the cotorsion pair (DProj(R),Flat<∞(R)) found by J. Gille-
spie in [Gil10]. Moreover, we have the equalities:
Proj(R) = DProj(R) ∩ Proj<∞(R),
Proj<∞(R) = DProj(R)⊥ ∩ DProj<∞(R),
DProj<∞(R) ∩ ⊥Proj(R) = DProj(R) = DProj<∞(R) ∩ ⊥(Proj<∞(R)).
In [Gil10, Proposition 3.8], it is proven that a D-projective module is either projective or has flat
dimension∞. This can be written as the equality Proj(R) = DProj(R) ∩ Flat<∞(R). It follows
that non-projective flat modules are not Ding-projective. For this reason, we set ω := Proj(R)
instead of ω := Flat(R). Thus, the first equality above can be extended to
DProj(R) ∩ Flat<∞(R) = Proj(R) = DProj(R) ∩ Proj<∞(R).
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Dually, if DInj(R) denotes the class of Ding-injective modules, we have a strong right Frobenius
pair (Inj(R),DInj(R)), and the corresponding DInj<∞(R)-cotorsion pairs obtained from it.
Pairs fromGorenstein-AC-projective andGorenstein-AC-injectivemodules: GorensteinAC-
projective and Gorenstein AC-injective modules where defined by D. Bravo, J. Gillespie andM.
Hovey in [BGH14, Sections 5 and 8]. We recall these notions in the following lines.
(1) A left R-moduleQ is of type FP∞ if it has an infinite presentation, that is, if there exists a
long exact sequence
· · · → F1 → F0 → Q→ 0
where Fk is finitely generated and free, for every k ≥ 0.
(2) A left R-module E is absolutely clean if Ext1R(Q,E) = 0 for every left R-module Q of
type FP∞.
(3) A left R-module L is level if TorR1 (Q,L) = 0 for every right R-module Q of type FP∞.
(4) A left R-moduleM is said to be Gorenstein AC-projective if there exists an exact chain
complex of projective modules
P = · · · → P1 → P0 → P
0 → P 1 → · · ·
withM = Ker(P 0 → P 1) and such that the induced chain complex HomR(P , L) is exact
for every level left R-module L.
(5) A left R-module N is said to be Gorenstein AC-injective if there exists an exact chain
complex of injective modules
I = · · · → I1 → I0 → I
0 → I1 → · · ·
withN = Ker(I0 → I1) and such that the induced chain complex HomR(E, I) is exact for
every absolutely clean left R-module E.
Now set ν := Inj(R) and Y := GInjAC(R) as the class of Gorenstein AC-injective modules.
Then, note that Inj(R) ⊆ GInjAC(R). On the other hand, GInjAC(R) is right thick since it is the
right half of a hereditary cotorsion pair (see [BGH14, Lemma 5.6]). Now the fact that Inj(R)
is a GInjAC(R)-projective relative generator in GInj(R) follows by the definition of Gorenstein
AC-injective modules. On the other hand, ExtiR(V, Y ) = 0 for every V ∈ Inj(R) and every
Y ∈ GInjAC(R), since we can compute Ext
i
R(V, Y ) by using an injective coresolution of Y which
isHomR(E,−)-exact for every absolutely cleanmoduleE. Finally, we know that Inj(R) is closed
under direct summands. Then, (Inj(R),GInjAC(R)) is a strong right Frobenius pair, and so by
the duals of Theorems 3.3.1 and 3.3.2 we obtain GInj<∞AC (R)-cotorsion pairs (Inj(R)
∨,GIAc(R))
and (GInj<∞AC (R), Inj(R)) in Mod(R), which are right hereditary.
In a similar way, from the definition of Gorenstein AC-projective modules and from the corre-
sponding results in [BGH14], we have a strong left Frobenius pair (GProjAC(R),Proj(R)), where
GProjAC(R) denotes the class of Gorenstein AC-projective modules. Moreover, we have left
hereditary GProj<∞AC (R)-cotorsion pairs (GProjAC(R),Proj
<∞(R)) and (Proj(R),GProj<∞AC (R)) in
Mod(R).
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4 Exact model structures from Frobenius pairs
In this section, given a strong left Frobenius pair (X , ω) in C, we will obtain a model structure
on the exact category X∧ (see Example 3.1.1), whose homotopy category represents, in some
sense, a generalization of the stable module category of a ring.
4.1 Hovey-Gillespie Correspondence
We first recall the notion of exact model structures, along with the statement of Hovey-Gillespie
Correspondence, in order to obtain such model structures from the cotorsion pairs in Theo-
rems 3.3.1 and 3.3.2. Our goal in this section is to show the following result.
Theorem 4.1.1
Let (X , ω) be a strong left Frobenius pair in C. Then there exists a unique exact model structure on X∧,
denoted MprojAB (X , ω) and referred as the projective Auslander-Buchweitz model structure, such
that X is the class of cofibrant objects, X∧ is the class of fibrant objects, and ω∧ is the class of trivial
objects.
Dually, if (ν,Y) is a strong right Frobenius pair in C, then there exists a unique exact model structure on
Y∨, denotedMinjAB(ν,Y) and referred as the injective Auslander-Buchweitz model structure, such
that Y∨ is the class of cofibrant objects, Y is the class of fibrant objects, and ν∨ is the class of trivial
objects.
The concept of model categories was introduced by D. Quillen in 1967 (see [Qui67]). Roughly
speaking, a model category is given by a category E (normally assumed bicomplete) along
with three classes of morphisms, called cofibrations, fibrations and weak equivalences, which
provide a natural setting to do homotopy theory in E . The triple of cofibrations, fibrations
and weak equivalences is referred as a model structure on E . By “doing homotopy theory”,
we mean that every model category has an associated homotopy category, denoted Ho(E),
obtained after localizing C at the class of weak equivalences.
Let E be an exact category. From now on, if E is equipped with a model structure, we will
consider the associated triple (Q,R,T ), where:
• Q is the class of cofibrant objects in E , that is, objectsQ of E such that the only morphism
0→ Q is a cofibration.
• R is the class of fibrant objects in E , that is, objects R of E such that the only morphism
R→ 0 is a fibration.
• T is the class of trivial objects in E , that is, objects T of E such that the only morphism
0→ T is a weak equivalence.
We do not go into the details of model categories and homotopy theory, but we recommend
M. Hovey’s book [Hov07] as a very modern approach to these topics. Another recommended
source with a nice homological approach is [BR07, Chapter VIII], by A. Beligiannis and I. Reiten.
In the case where E is an exact category, there is an appealing interplay between a special type
of model structures on E and the concept of cotorsion pairs. These model structures are called
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exact, and were defined by J. Gillespie in [Gil11].
A model structure on an exact category E is exact if:
• Cofibrations are given by the admissible monomorphisms with cokernel in Q.
• Fibrations are given by the admissible epimorphisms with kernel inR.
On the other hand, given three classes F , G andW of objects in E , we say that F , G andW form
aHovey triple (F ,G,W) isW is thick, and if (F ∩W,G) and (F ,G ∩W) are complete cotorsion
pairs in E . Gillespie proved in [Gil11, Theorem 3.3] the following one-to-one correspondence
between exact model structures on E and Hovey triples in E , in the case where the exact cat-
egory E is weakly idempotent complete, that is, if every split monomorphism has a cokernel
and every split epimorphism has a kernel. (See [Gil11, Definition 2.2]).
Theorem 4.1.2 (Hovey-Gillespie Correspondence)
Let E be an exact category with an exact model structure. Then (Q,R,T ) is a Hovey triple in E . If in
addition E is weakly idempotent complete, the converse also holds. That is, if (F ,G,W) is a Hovey triple
in E , then there is a unique exact model structure on E such that F , G andW are the classes of cofibrant,
fibrant, and trivial objects, respectively.
The previous theorem was originally proved by M. Hovey in [Hov02] in the case where E is an
abelian category, where the bijective correspondence was established between abelian model
structures and Hovey triples. Abelian model structures are defined in the same way as the ex-
act ones: cofibrations are given by the monomorphisms with cokernel in Q, and fibrations by
the epimorphismswith kernel inR. Notice that every abelian category C is exact, where the ad-
missible monomorphisms and the admissible epimorphisms are given by the monomorphisms
and epimorphisms in C, respectively.
In this paper, we only use the converse of Hovey-Gillespie Correspondence. Thick categories are
examples of exact categories which are weakly idempotent complete, and so the converse of
Hovey-Gillespie Correspondece holds in the thick sub-categories X∧,Y∨ ⊆ C obtained from a left
Frobenius pair (X , ω) and a right Frobenius pair (ν,Y). If in addition we assume that (X , ω) is
strong, then by Theorems 3.3.1 and 3.3.2 we have two X∧-cotorsion pairs (X , ω∧) and (ω,X∧),
where ω = X ∩ ω∧. These are complete cotorsion pairs in the exact category X∧, and after
settingF := X , G := X∧, andW := ω∧ in Theorem 4.1.2, we obtain the exact model structure on
X∧ described in Theorem 4.1.1.
Definition 4.1.3
An exact model structure on an exact category E is projective if every object in E is fibrant. Dually, we
have the concept of injective exact model structures.
Example 4.1.4
If (X , ω) is a strong left Frobenius pair and (ν,Y) a strong right Frobenius pair in C, then the model
structures MprojAB (X , ω) and M
inj
Ab(ν,Y) described in Theorem 4.1.1 are projective and injective, re-
spectively.
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The following result provides an easymethod to get exactmodel structures from one S-cotorsion
pair.
Corollary 4.1.5
Let (F ,G) be an S-cotorsion pair in C, where C has enough projectives and injectives, F is resolving in
C, and G coresolving in C. If G ⊆ F∧ then (F ,G) and (F ∩G,F∧) are F∧-cotorsion pairs in C. Dually,
if F ⊆ G∨ then (F ,G) and (G∨,F ∩ G) are G∨-cotorsion pairs in C.
We close this section presenting some examples of Auslander-Buchweitz model structures,
which turn out to be generalizations of already known abelian model structures in Gorenstein
and Ding-Chen Homological Algebra.
Example 4.1.6
We generalize, in the sense explained below, some abelian model structures found by D. Bravo, M. Hovey
and J. Gillespie.
(1) From the strong left Frobenius pair (GProj(R),Proj(R)) inMod(R), we obtain the projective AB
model structure
MprojAB (GProj(R),Proj(R)) = (GProj(R),GProj
<∞(R),Proj<∞(R))
onGProj<∞(R). This is the only exact model structure onGProj<∞(R)withGProj(R), GProj<∞(R)
and Proj<∞(R) as the classes of cofibrant, fibrant and trivial objects, respectively. Dually, there
is a unique injective exact model structure on GInj<∞(R) such that GInj<∞(R), GInj(R) and
Inj<∞(R) are the classes of cofibrant, fibrant, and trivial objects, respectively.
These model structures generalize Hovey’s projective and injective abelian model structures on
Mod(R), with R a Gorenstein ring (see [Hov02, Theorem 8.6]). Notice we do not impose
any condition on the ground ring R. However, we need to pay a price for this. We do not
get abelian but exact model structures on GProj<∞(R) and GInj<∞(R), exact sub-categories
of Mod(R). On the other hand, we have already mentioned that if R is a Gorenstein ring,
the previous two sub-categories coincide with Mod(R), and in this case, the model structures
MprojAB (GProj(R),Proj(R)) andM
inj
AB(Inj(R),GInj(R)) are the abelian model structures described
in [Hov02, Theorem 8.6].
(2) From the strong left and right Frobenius pairs
(DProj(R),Proj(R)) and (Inj(R),GInj(R))
in Mod(R), we obtain the projective and injective AB model structures
MprojAB (DProj(R),Proj(R)) = (DProj(R),DProj
<∞(R),Proj<∞(R)),
MinjAB(Inj(R),DInj(R)) = (DInj
<∞(R),DInj(R), Inj<∞(R))
on DProj<∞(R) and DInj<∞(R), respectively.
These model structures are generalizations, in the sense specified in the previous example, of the
abelian model structures on Mod(R) (with R a Ding-Chen ring) found by J Gillespie in [Gil10,
Theorem 4.7]. However, the authors are not aware if Mod(R) = DProj<∞(R) in the case where
R is a Ding-Chen ring.
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(3) Finally, in the more general setting of Gorenstein AC-projective and Gorenstein AC-injective
modules, the strong left and right Frobenius pairs
(GProjAC(R),Proj(R)) and (Inj(R),GInjAC(R))
give rise to the projective and injective AB model structures
MprojAB (GProjAC(R),Proj(R)) = (GProjAC(R),GProj
<∞
AC (R),Proj
<∞(R)),
MinjAB(Inj(R),GInjAC(R)) = (GInj
<∞
AC (R),GInjAC(R), Inj
<∞(R)).
These model structures are related to the abelian Gorenstein AC-projective and Gorenstein AC-
injective model structures on Mod(R) (with R an arbitrary ring) described in [BGH14, Theo-
rems 5.5 and 8.5] by D. Bravo, M. Hovey and J. Gillespie. For those model structures, the classes
of trivial objects have a description different to the one given above (see [BGH14, Lemmas 5.4 and
8.4]). On the other hand, the authors are not aware if the classes GProj<∞AC (R) and GInj
<∞
AC (R)
coincide with the whole category Mod(R). If this turns out to be true, we would know another
way to obtain the Gorenstein AC-projective and Gorenstein AC-injective modules structures.
(4) Examples (1), (2) and (3) can also be obtained from Corollary 4.1.5. If (F ,G) is a S-cotorsion
pair in an abelian category with enough projectives and injectives, then:
(a) If G ⊆ F∧, then there exists a unique exact model structure on F∧ where F is the class of
cofibrant objects, F∧ is the class of fibrant objects, and G is the class of trivial objects.
(b) If F ⊆ G∨, then there exists a unique exact model structure on G∨ where G∨ is the class of
cofibrant objects, G is the class of fibrant objects, and F is the class of trivial objects.
4.2 Some remarks on sub-model structures
We begin this section with the following definition.
Definition 4.2.1
We say that a Hovey triple (F ,G,W) in an exact category E is left hereditary if the cotorsion pairs
(F ,G ∩W) and (F ∩W,G) are both left hereditary, that is, the classes F and F ∩W are both resolving
in E . Dually, we have the definition of right hereditary Hovey triples. Finally, a Hovey triple is
hereditary if it is both left and right hereditary.
In the case E is an exact sub-category of an abelian category C, the Hovey triple (F ,G,W) (in E) is
said to be left strong hereditary, right strong hereditary, or strong hereditray if the cotorsion pairs
(F ,G ∩W) and (F ∩W,G) are both left strong hereditary, right strong hereditary, or strong hereditary,
respectively, in E . (See Definition 3.4.1).
In his paper [Gil11], J. Gillespie constructs from a hereditary Hovey triple (F ,G,W) in E , sub-
model structures (of the unique model structure on E resulting from (F ,G,W)) on the full
sub-categories Q, R and Q ∩R of cofibrant, fibrant, and cofibrant-fibrant objects, respectively.
The first property obtained after assuming that a Hovey triple (F ,G,W) is hereditary, is that
the resulting sub-categoriesQ,R and T are exact and weakly idempotent complete (see [Gil11,
Lemma 5.1 and Proposition 5.2]). The resulting sub-model structures on Q, R and Q ∩ R are
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described in [Gil11, Proposition 5.2]. In this section, we apply this result to check which are the
sub-model structures obtained from a strong left Frobenius pair.
The following result is a consequence of Theorem 3.4.6.
Corollary 4.2.2
Let (X , ω) be a strong left Frobenius pair in C. Then (X ,X∧, ω∧) is a strong hereditary Hovey triple in
X∧ if, and only if, Proj(C) ⊆ ω and Inj(C) ⊆ X∧.
Applying the previous corollary, along with [Gil11, Proposition 5.2], we obtain the following
sub-model structures from a strong left Frobenius pair (X , ω).
Proposition 4.2.3
Let (X , ω) be a strong left Frobenius pair in C. If Proj(C) ⊆ ω7 and Inj(C) ⊆ X∧, then there exist the
following sub-model structures ofMprojAB (X , ω):
(a) An exact model structure on X , where the cofibrant and fibrant objects are given by X , and the
trivial objects by ω.
(b) An exact model structure on ω∧, where ω is the class of cofibrant objects, and ω∧ is the class of
fibrant objects.
In [Gil11, Proposition 5.2], the resulting sub-model structure on X∧ coincides withMprojAB (X , ω).
This happens becauseMprojAB (X , ω) is a projective model structure.
Example 4.2.4
The model structure from (a) is an example of what Gillespie calls a Frobenius model structure, that
is, every object in the exact category is cofibrant and fibrant.
Recall that a Frobenius category is an exact category in which the notions of projective and injec-
tive objects coincide, and there are enough projectives and injectives. In every Frobenius category E ,
(E , E ,Proj(E)) is a Hovey triple, which gives rise to a Frobenius model structure with Proj(E) as the
class of trivial objects.
One example of a Frobenius category is given by Mod(R), with R a quasi-Frobenius ring. Another
example is given by GProj(R) (with R an arbitrary ring). Note that GProj(R) and Mod(R) coincide
in the case where R is quasi-Frobenius. It follows there is a unique exact Frobenius model structure
on GProj(R) with Proj(R) as the class of trivial objects. This structure can also be obtained by setting
C := Mod(R), X := GProj(R) and ω := Proj(R) in Proposition 4.2.3.
4.3 The homotopy category of an Auslander-Buchweitz model structure
Let (X , ω) be a strong left Frobenius pair in C and MprojAB (X , ω) be the unique projective AB
model structure corresponding to (X , ω). LetHo(X∧) be the homotopy category ofMprojAB (X , ω).
7If C has enough projectives, this inclusion can be replaced by Proj(C) ⊆ X∧, since Proposition 3.4.2 asserts
Proj(C) = Proj(X∧), and so Proj(C) ⊆ ω (notice Proj(X∧) ⊆ ω since (ω,X∧) is a cotorsion pair in X∧).
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In this section, we present an explicit description of Ho(X∧), and notice how this homotopy
category is equivalent to the stable category of a Frobenius sub-category of C.
Let us recall some results by J. Gillespie on homotopy theory for exact model structures. Given
an exact model structure (Q,R,T ) on an exact category E , two morphisms f, g : X → Y in E
are right homotopic if, and only if, g − f factors through an object in Q ∩ T . Dually, f and g
are left homotopic if, and only if, g− f factors through an object inR∩T . This was proven by
Gillespie in [Gil11, Proposition 4.4].
If the Hovey triple (Q,R,T ) is hereditary, then the sub-model structures on Q, R, and Q ∩ R
are full equivalent sub-model structures of E , that is, the inclusions iQ : Q →֒ E , iR : R →֒ E ,
and iQ∩R : Q∩R →֒ E preserve the corresponding model structures, and the induced functors
Ho(iQ) : Ho(Q) → Ho(E), Ho(iR) : Ho(R) → Ho(E), and Ho(iQ∩R) : Ho(Q ∩ R) → Ho(E) are
equivalence of categories. This is proven in [Gil11, Proposition 5.2 and Corollary 5.4].
The Hovey triple associated to the projective AB model structureMprojAB (X , ω) is hereditary, as
proven below.
Proposition 4.3.1
Let (X , ω) be a left Frobenius pair in C. Then the class ω∧ is right thick. If in addition (X , ω) is strong,
then (X ,X∧, ω∧) is a hereditary Hovey triple in X∧.
Proof.
By Theorem 3.3.1, we have the equality ω∧ = X⊥ ∩X∧. The classes X⊥ and X∧ are clearly right
thick, and hence ω∧ is right thick.
Now suppose (X , ω) is strong. Then we have two cotorsion pairs (X , ω∧) and (ω,X∧) in the
exact sub-category X∧ ⊆ C. First, note that ω is the class of projective objects in X∧. It follows
that X and ω are resolving classes in X∧. On the other hand, the classes ω∧ and X∧ are right
thick, and so they are coresolving in X∧.
It follows by the previous proposition and the comments above that, if X∧ is equippedwith the
projective AB model structureMprojAB (X , ω), then Q ∩R := X is equipped with the sub-model
structure (X ,X , ω) of MprojAB (X , ω), and the corresponding homotopy categories Ho(X
∧) and
Ho(X ) are equivalent. The homotopy category Ho(X ) is easier to describe than Ho(X∧). First
of all, on the sub-category Q ∩ R := X ⊆ X∧, the relations of being left and right homotopic
coincide (denoted∼). On the other hand, by [Hov07, Theorem 1.2.10 (i)], there is an equivalence
of categories:
Ho(X ) ≃ (Q ∩R)/ ∼ = X/ ∼ .
By Remark 2.6.4, X is a Frobenius category, and for any two morphisms f, g : X → Y , f ∼ g if,
and only if, g − f factors through a projective object in X (that is, an object in ω). Hence, the
quotient X/ ∼ is the stable category of X . Now with respect to Ho(X∧), we have by [Hov07,
Theorem 1.2.10 (ii)] that for everyX,Y ∈ X∧ there is a natural isomorphism
HomHo(X∧)(X,Y ) ≃ HomX∧(QX,RY )/ ∼,
whereQX denotes the cofibrant replacement ofX, and RY the fibrant replacement of Y . Since
every object in X∧ is fibrant, we have RY = Y . We summarize these facts in the following
result.
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Proposition 4.3.2
Let (X , ω) be a strong left Frobenius pair in C. For the projective AB model structureMprojAB (X , ω) =
(X ,X∧, ω∧) on X∧, there is a natural isomorphism
HomHo(X∧)(X,Y ) ∼= HomX∧(QX,Y )/ ∼
for every X,Y ∈ X∧, where f ∼ g if, and only if, g − f factors through an object in ω. Moreover,
Ho(X∧) is equivalent to the stable category X/ ∼.
Dually, if (ν,Y) is a strong right Frobenius pair in C, then for the injective AB model structure
MinjAB(ν,Y) = (Y
∨,Y, ν∨) on Y∨ there is a natural isomorphism
HomHo(Y∨)(X,Y ) ∼= HomY∨(X,RY )/ ∼
for every X,Y ∈ Y∨, where f ∼ g if, and only if, g − f factors through an object in ν. Moreover,
Ho(Y∨) is equivalent to the stable category Y/ ∼.
The previous proposition encodes the stable module category Stmod(R) of a quasi-Frobenius
ring R as a particular example, by setting C := Mod(R) (with R a quasi-Frobenius ring), X :=
GProj(R) = Mod(R), and ω := Proj(R). This is explained in more detail below.
Example 4.3.3
We recover some examples of homotopy categories previously constructed by D. Bravo, M. Hovey and J.
Gillespie.
(1) Consider the homotopy category Ho(GProj<∞(R)) of the projective AB model structure
MprojAB (GProj(R),Proj(R)).
By Proposition 4.3.2, we have that two morphisms f, g : X → Y in GProj<∞(R) are homo-
topic if their difference g − f factors through a projective module. The homotopy category of this
model structure is the projective stable module category GProj(R)/ ∼, which is also the homotopy
category of the Hovey’s projective abelian model structure (GProj(R),Mod(R),Proj<∞(R)) on
Mod(R), when R is a Gorenstein ring (see [Hov02, Section 9]). This stable module category co-
incides with the usual stable module category Stmod(R) in the case where R is a quasi-Frobenius
ring, that is, a 0-Gorenstein ring. Using Proposition 4.3.2, we can obtain similar conclusions in
the injective case, and the same stable module category from Ho(GInj<∞(R)) in the case R is a
quasi-Frobenius ring.
(2) Recalling Example 4.1.6 (3), the homotopy categories of the AB model structures
MprojAB (GProjAC(R),Proj(R)) and M
inj
AB(Inj(R),GInjAC(R))
are exactly the homotopy categories obtained in [BGH14, Theorems 5.7 and 8.7].
5 Auslander-Buchweitz contexts: correspondences with relative co-
torsion pairs, Frobenius pairs and model structures
We conclude this paper presenting one-to-one correspondences between the objects we have
been studying so far: relative cotorsion pairs and AB model structures. Auslander-Buchweitz
contexts will play an important role in this section, and will also appear in this correspondence.
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5.1 AB contexts vs. Frobenius pairs vs. relative cotorsion pairs
The following definition of Auslander-Buchweitz contexts is due to [Has00, Theorem 1.1.2.10],
but it is written according to the terminology we have been using so far.
Definition 5.1.1
Let (A,B) be a pair of classes of objects in C and ω := A ∩ B. We say that (A,B) is a left weak
Auslander-Buchweitz pre-context (left weak AB pre-context for short) in C if:
(a) The pair (A, ω) is a left Frobenius pair.
(b) B = Thick+(B).
If in addition:
• (A,B) satisfies B ⊆ A∧, then we say that (A,B) is a left weak AB context in C;
• (A,B) satisfies A∧ = C, then we say that (A,B) is a left AB context in C.
The notion of right weak AB pre-context is defined dually, that is, a pair (A,B) of classes of objects in C,
with ν := A∩ B, such that:
(i) The pair (ν,B) is a right Frobenius pair.
(ii) A = Thick−(A).
If in addition:
• (A,B) satisfies A ⊆ B∨, then we say that (A,B) is a right weak AB context in C;
• (A,B) satisfies B∨ = C, then we say that (A,B) is a right AB context in C.
Example 5.1.2
The classes X and Y in Theorem 2.6.21 form a left weak AB context (X ,Y).
Theorem 5.1.3
Let (A,B) be a left weak AB context in C, and ω := A ∩ B. Then:
(a) ω = A ∩A⊥ and ω∧ = B.
(b) (A,B) is a A∧-cotorsion pair in C with idA(B) = 0.
Proof.
On the one hand, (A, ω) is a left Frobenius pair in C, and by Theorem 3.3.1 we have an A∧-
cotorsion pair (A, ω∧) with ω = A ∩ ω∧ = A ∩ (A⊥ ∩ A∧) = A ∩ A⊥. On the other hand,
ω ⊆ B and B = Thick+(B) imply ω∧ ⊆ B. We now show the remaining inclusion. Let N ∈ B.
Then N ∈ A∧ since B ⊆ A∧, and so we can apply Theorem 2.6.9 in order to obtain a short exact
sequence
0→ K → A→ N → 0
with A ∈ A and K ∈ ω∧. Since ω∧ ⊆ B, we have that K ∈ B. Then A ∈ A ∩ B =: ω since B is
closed under extensions. It follows N ∈ ω∧. Hence, B = ω∧, and so (A,B) is an A∧-cotorsion
pair in C.
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It is only left to show that idA(B) = 0. Let B ∈ B. Consider a short exact sequence
0→ K → A→ B → 0
with A ∈ A and K ∈ ω∧ = B. By the dual of [AHM09, Lemma 1.1], we have
idA(B) ≤ max{idA(A), idA(K)− 1},
where idA(K) ≤ idA(ω
∧), and idA(ω
∧) = idA(ω) by Lemma 2.6.5. On the one hand, idA(ω) = 0.
Then idA(K) = 0, and hence
idA(B) ≤ idA(A).
On the other hand, A ∈ A ∩ B = ω, and so idA(A) = 0. Therefore, idA(B) = 0 for every
B ∈ B.
Lemma 5.1.4
Let (F ,G) be a left S-cotorsion pair in C such that idF (G) = 0. Then F = Thick
−(F). Dually, if
(F ,G) is a right S-cotorsion pair in C such that pdG(F) = 0, then G = Thick
+(G).
Proof.
First, we know that F = ⊥1,SG := ⊥1G ∩ S . Thus, we have that F is closed under direct
summands and extensions. It suffices to show that F is closed under kernels of epimorphisms
in F . So suppose we are given a short exact sequence
0→ A→ B → C → 0
with B,C ∈ F . Let G ∈ G. Then we have an exact sequence
Ext1C(B,G)→ Ext
1
C(A,G)→ Ext
2
C(C,G)
where Ext1C(B,G) = 0 and Ext
2
C(C,G) = 0, since idF (G) = 0. Hence Ext
1
C(A,G) = 0 for every
G ∈ G, and soA ∈ ⊥1G. On the other hand,A ∈ S since S is thick andB,C ∈ F ⊆ S . Therefore,
A ∈ ⊥1G ∩ S =: ⊥1,SG = F .
Proposition 5.1.5
Let (F ,G) be an S-cotorsion pair in C with idF (G) = 0. Then (F ,G) is a left and right weak AB
pre-context in C.
Proof.
The equalities F = Thick−(F) and G = Thick+(G) follow by Lemma 5.1.4 and its dual. On the
other hand, idF (G) = 0 implies idF (ω) = 0, where ω := F ∩ G. Now let F ∈ F ⊆ S . Then there
exists a short exact sequence
0→ F → G→ F ′ → 0
with F ′ ∈ F and G ∈ G. Since F is closed under extensions, we getG ∈ F ∩G =: ω, and so ω is
a relative cogenerator in F . Finally, pdG(F) = idF (G) = 0 and ω ⊆ F imply pdG(ω) = 0. Dually,
for every G ∈ G there exists a short exact sequence
0→ G′ → F → G→ 0
with F ∈ F and G′ ∈ G, and so F ∈ F ∩ G =: ω. Therefore, ω is a relative generator in G.
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Theorem 5.1.6
Let (F ,G) be a Thick(F)-cotorsion pair in C with idF (G) = 0. Then:
(a) Thick(F) = F∧.
(b) (F ,G) is a left weak AB context in C.
Proof.
By Proposition 5.1.5, (F ,G) is a left weak AB pre-context. Then (F , ω) is a left Frobenius pair,
and so Theorem 2.6.15 implies F∧ = Thick(F). Finally, we only need to show that G ⊆ F∧. But
G ⊆ Thick(F) = F∧ and thus the result follows.
From now on, C2 will denote the product category C × C.
Theorem 5.1.7
Let C be an abelian category. For the classes
F := {(X , ω) ⊆ C2 : (X , ω) is a left Frobenius pair in C},
C := {(A,B) ⊆ C2 : (A,B) is a left weak AB context in C},
P := {(F ,G) ⊆ C2 : (F ,G) is a Thick(F)-cotorsion pair in C with idF (G) = 0},
the equality C = P holds. Moreover, there exists a one-to-one correspondence between the classes
F and C.
Dually, for the classes
Fop := {(ν,Y) ⊆ C2 : (ν,Y) is a right Frobenius pair in C},
Cop := {(A,B) ⊆ C2 : (A,B) is a right weak AB context in C},
Pop := {(F ,G) ⊆ C2 : (F ,G) is a Thick(G)-cotorsion pair in C with pdG(F) = 0},
the equality Cop = Pop holds, and there exists a one-to-one correspondence between the classes
Fop and Cop.
Proof.
Define the mapping
Φ: F −→ C
(X , ω) 7→ (A := X ,B := ω∧).
We first show that Φ is well defined, that is, that if (X , ω) is a left Frobenius pair, then (A :=
X ,B := ω∧) is a left weak AB context. By Proposition 2.6.6we have
(A,A ∩ B) = (X ,X ∩ ω∧) = (X , ω),
and so (A,A ∩ B) is a left Frobenius pair. Then it is only left to show that B = Thick+(B) and
that B ⊆ A∧. By Theorem 3.3.1, B = ω∧ = X⊥ ∩ X∧, and also X⊥ and X∧ are right thick. Then,
B is right thick and hence B = Thick+(B). Finally, the inclusion B = ω∧ ⊆ X∧ = A∧ is clear.
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We have thatΦ is a well definedmapping. To show that it is one-to-one, we construct an inverse
for it. Consider the mapping
Ψ: C −→ F
(A,B) 7→ (X := A, ω := A ∩ B)
which is well defined by the definition of left weak AB context. We show Ψ ◦ Φ = idF and
Φ ◦Ψ = idC.
Let (X , ω) be a left Frobenius pair. Then
Ψ ◦Φ(X , ω) = Ψ(X , ω∧) = (X ,X ∩ ω∧) = (X , ω)
where X ∩ ω∧ = ω by Proposition 2.6.6. On the other hand, if (A,B) is a left weak AB context,
we have
Φ ◦Ψ(A,B) = Φ(A,A ∩ B) = (A, (A ∩ B)∧) = (A,B)
where (A ∩ B)∧ = B by Theorem 5.1.3.
Now we focus on showing C = P. Let (A,B) ∈ C be a left weak AB context. Then (A,B) is a
A∧-cotorsion pair with idA(B) = 0, by Theorem 5.1.3, where A
∧ = Thick(A) by Theorem 2.6.15.
Hence (A,B) ∈ P, and C ⊆ P. The remaining inclusion C ⊇ P follows by Theorem 5.1.6.
(A,A ∩ B)
(X , ω) F (X , ω)
(A,B) C P (X , ω∧)
Ψ
ΦΨ
Φ
Figure 2: Correspondences between left Frobenius pairs, left weak AB contexts, and relative
cotorsion pairs in abelian categories.
(A ∩ B,B)
(ν,Y) Fop (ν,Y)
(A,B) Cop Pop (ν∨,Y)
Ψ
op
Φ opΨ
op
Φ op
Figure 3: Correspondences between right Frobenius pairs, right weak AB contexts, and relative
cotorsion pairs in abelian categories.
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5.2 Relative cotorsion pairs vs. covering classes
The class G defined by
G := {F ⊆ C : F is a left saturated class in C, and pre-covering in Thick(F)}
plays a role in Theorem 5.1.7when we impose some extra conditions on the category C. In order
to be more specific about this, we need the following definition.
Definition 5.2.1
Let S be a thick sub-category of C. A left S-cotorsion pair (F ,G) is said to be perfect if every object in
S has a F-cover. Perfect right S-cotorsion pairs are defined dually. Finally, an S-cotorsion pair is
perfect if every object in S has an F-cover and a G-envelope.
It is possible to study some interplay between the classes G and:
P′ :=
{
(F ,G) ⊆ C2 :
(F ,G) is a perfect left Thick(F)-cotorsion pair in C,
with idF (G) = 0 and Proj(C) ⊆ F
}
.
We first see how to map elements in P′ to G. Let Θ be the following mapping:
Θ: P′ → G
(F ,G) 7→ F .
We assert that Θ is well defined. This is a consequence of the following result.
Proposition 5.2.2
Let (F ,G) be a left Thick(F)-cotorsion pair in C such that idF (G) = 0. Then F is left thick and a
pre-covering class in Thick(F).
Proof.
By (scp4) in Proposition 3.2.3, every object in Thick(F) has an epic F-pre-cover. It is only left to
show that F = Thick−(F), but this follows by Lemma 5.1.4.
It follows for every (F ,G) ∈ P′, that F is left thick and a pre-covering class in Thick(F). This,
plus the fact that Proj(C) ⊆ F , imply that F is left saturated in C, that is, Θ is well defined.
Under certain conditions, it is possible to construct a left inverse for the previous mapping.
Namely, we need the ground category C to be Krull-Schmidt. Recall that a category C is Krull-
Schmidt if it is additive and if every object decomposes into a finite direct sum of objects having
local endomorphism rings.
Theorem 5.2.3
Let C be an abelian Krull-Schmidt category with enough projectives. Then the mapping Θ: P′ → G
defines an injection.
Before presenting a proof for the previous theorem, we need the following lemma.
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Lemma 5.2.4
Let C be a Krull-Schmidt abelian category with enough projectives, and S be a thick sub-category of C. If
F ⊆ S is a left saturated class in C which is also pre-covering in S , then the following conditions hold:
(a) For each S ∈ S , there exists an exact sequence
0→ Ker(ϕ)→ F
ϕ
−→ S → 0
where ϕ is an F-cover, and Ker(ϕ) ∈ F⊥1 .
(b) F⊥ = F⊥1 .
(c) Setting G := F⊥ ∩ S , the pair (F ,G) is a perfect left S-cotorsion pair in C, with idF (G) = 0.
Dually, if C is a Krull-Schmidt abelian category with enough injectives, and G ⊆ S is a right saturated
class in C which is also pre-enveloping in S , then (F ,G) is a perfect right S-cotorsion pair in C, with
pdG(F) = 0, where F :=
⊥G ∩ S and ⊥G = ⊥1G.
Proof.
We only prove (a), (b), and (c).
(a) Let S ∈ S . On the one hand, S has a F-pre-cover. Since C is a Krull-Schmidt category,
the endomorphism ring EndC(S) is semiperfect (see [Kra15, Corollary 4.4]). On the other
hand, by [GT06, Corollary 2.1.10 (b)]8, S has an F-cover, which can be taken epic since
Proj(C) ⊆ F . It follows there exists a short exact sequence
0→ Ker(ϕ)→ F
ϕ
−→ S → 0
where ϕ : F → S is an F-cover. Then, using the Wakamatsu Lemma (see [GT06, Lemma
5.12]9), we have that Ker(ϕ) ∈ F⊥1 .
(b) It suffices to show F⊥1 ⊆ F⊥. So let Y ∈ F⊥1 and F ∈ F . Since C has enough projectives,
for each i ≥ 0 we can find an exact sequence
0→ Ki → Pi−2 → · · · → P1 → P0 → F → 0
where Ki ∈ Ω
i−1(F ). Note that Ki ∈ F since F is left saturated in C. Then by Dimension
Shifting, we have the equality
ExtiC(X,Y )
∼= Ext1C(Ki, Y ) = 0.
Hence, F⊥1 = F⊥ follows.
(c) We check conditions (scp1), (scp3) and (scp4) in Proposition 3.2.3 for the pair (F ,G).
(scp1) The inclusions F ,G ⊆ S are immediate. On the other hand, F is closed under direct
summands in C since F is left thick.
(scp3) Ext1C(F ,G) = 0 follows since G ⊆ F
⊥.
8The statement and proof in the given reference is for the category of leftR-modules. However, this result is also
valid in abelian categories.
9Although the statement and proof appearing in the given reference are written for the category of right R-
modules, the arguments carry over to any abelian category.
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(scp4) By (a) and (b), for every S ∈ S there exists a short exact sequence
0→ Ker(ϕ)→ F
ϕ
−→ S → 0
where ϕ : F → S is an F-cover and Ker(ϕ) ∈ F⊥. Moreover, Ker(ϕ) ∈ S since
F, S ∈ S and S is thick. Hence, Ker(ϕ) ∈ F⊥ ∩ S = G.
So far we have proven that (F ,G) is a perfect left S-cotorsion pair in C, and the condition
idF (G) = 0 follows by the definition of G.
Proof of Theorem 5.2.3.
Consider the mapping
Ω: G→ P′
F 7→ (F ,G := F⊥ ∩ Thick(F)).
We show Ω is well defined and a left inverse of Θ. Let F ∈ G, that is, F is a left saturated
class in C which is pre-covering in Thick(F). Then F = Thick−(F) and Proj(C) ⊆ F . Since
F is pre-covering in Thick(F) with Proj(C) ⊆ F and C has enough projectives, then F is epic
pre-covering. By Lemma 5.2.4, we have (F ,G) ∈ P′. Finally, the equality Θ ◦ Ω = idG is easy to
verify, and so Ω defines an injective embedding of G intoP′.
Is it possible to restrictΘ on a sub-class ofP′, say P˜, in such a way thatΘ|P˜ defines a one-to-one
correspondence to a sub-class of G, say G˜? This question is settled in the following result.
Theorem 5.2.5
Let C be a Krull-Schmidt abelian category with enough projectives and injectives. Then, there is a one-
to-one correspondence between the following classes:
P˜ :=
{
(F ,G) ⊆ C2 :
(F ,G) is a perfect Thick(F)-cotorsion pair in C with idF (G) = 0,
Proj(C) ⊆ F , and Inj(C) ⊆ Thick(F)
}
,
G˜ :=
{
F ⊆ C :
F is a left saturated class in C, and pre-covering in Thick(F),
such that Inj(C) ⊆ Thick(F)
}
.
Proof.
First, we check that every pair (F ,G) in P˜ is mapped to G˜ via Θ. By Proposition 5.2.2, we have
that F is a left saturated class in C, pre-covering in Thick(F). The validity of the inclusion
Inj(C) ⊆ Thick(F) implies F ∈ G˜. It follows that the restriction of Θ on P˜ defines a mapping
Θ˜ : P˜→ G˜.
Now we construct an inverse Ω˜ : G˜→ P˜. Set Ω˜ := Ω|G˜. We check Ω˜ is well defined. Let F ∈ G˜.
By Lemma 5.2.4, we have that (F ,G := F⊥ ∩ Thick(F)) is a perfect left Thick(F)-cotorsion
pair in C, such that idF (G) = 0. The inclusion Inj(C) ⊆ Thick(F) is true by hypothesis, and
Proj(C) ⊆ F holds since F is left saturated in C. It is only left to show that (F ,G) is a right
Thick(F)-cotorsion pair. We only check (scp5), since we already know (scp3), and (scp2) is easy
to verify. Let S ∈ Thick(F). We show there exists a short exact sequence
0→ S → G→ F → 0
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where F ∈ F and G ∈ G. Since C has enough injectives, and Inj(C) ⊆ Thick(F), there exists a
short exact sequence
0→ S → I → C → 0
where I ∈ Inj(C) and C ∈ Thick(F). On the other hand, since (F ,G) is a left Thick(F)-cotorsion
pair, there exists a short exact sequence
0→ G′ → F → C → 0
where F ∈ F and G′ ∈ G. Taking the pullback of I → C and F → C , we have the follow-
ing commutative diagram with exact rows and columns, where the bottom right square is a
pullback square:
0 0
G′ G′
0 S G F 0
0 S I C 0
0 0
pb
Figure 4: Pullbacks along epimorphisms preserves short exact sequences.
The central row satisfies (scp5), that is, G is a special pre-enveloping in Thick(F). Moreover, G
is right saturated in C. To show this, note that it is clear that G is closed under extensions and
direct summands in C. On the other hand G is closed under cokernels of monomorphisms in
G, since G := F⊥ ∩ Thick(F), where F⊥ and Thick(F) are both closed under taking cokernels
of monomorphisms. Finally, the inclusion Inj(C) ⊆ F⊥ is clear, and Inj(C) ⊆ Thick(F) by
hypothesis, and hence Inj(C) ⊆ G. We have that G is a right saturated class in C which is pre-
enveloping in Thick(F). By Lemma 5.2.4, we have that G is the right half of a perfect right
Thick(F)-cotorsion pair in C, and so G is enveloping in Thick(F). Therefore, (F ,G) is a perfect
Thick(F)-cotorsion pair in C, and thus we can define a mapping Ω˜ : G˜→ P˜ as Ω˜ := Ω|
G˜
.
Now, we show that Θ˜ and Ω˜ are inverse of each other. The equality Θ˜◦Ω˜ = id
G˜
is easy to verify.
Now let (F ,G) ∈ P˜. We have:
Ω˜ ◦ Θ˜(F ,G) = Ω˜(F) = (F ,F⊥ ∩ Thick(F)).
Since (F ,G) is a rightThick(F)-cotorsion pair andF⊥ = F⊥1 , the equality G = F⊥1∩Thick(F) =
F⊥ ∩ Thick(F) follows, and so Ω˜ ◦ Θ˜(F ,G) = (F ,G). Therefore, Θ˜ defines a bijection between
P˜ and G˜.
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Using Theorem 5.2.5, the correspondence from Theorem 5.1.7 can be extended in the case where
C is a Krull-Schmidt abelian category with enough projectives and injectives. Specifically, we
have the following result.
Corollary 5.2.6
Let C be a Krull-Schmidt abelian category with enough projectives and injectives. Then there exists a
one-to-one correspondence between the following classes:
F˜ :=
{
(X , ω) ⊆ C2 : (X , ω) is a left Frobenius pair in C, with Proj(C) ⊆ X , and Inj(C) ⊆ X∧
}
,
P˜ :=
{
(F ,G) ⊆ C2 :
(F ,G) is a perfect Thick(F)-cotorsion pair in C with idF (G) = 0,
Proj(C) ⊆ F , and Inj(C) ⊆ Thick(F)
}
,
C˜ :=
{
(A,B) ⊆ C2 :
(A,B) is a left weak AB context in C, with Proj(C) ⊆ A, and
Inj(C) ⊆ Thick(A)
}
,
G˜ :=
{
F ⊆ C :
F is a left saturated class in C, and pre-covering in Thick(F),
such that Inj(C) ⊆ Thick(F)
}
,
where P˜ = C˜, and the corresponding mappings are denoted by Θ˜, Ω˜, Ψ˜, and Φ˜.
Dually, there is a one-to-one correspondence between the classes:
F˜op :=
{
(ν,Y) ⊆ C2 : (ν,Y) is a right Frobenius pair in C, with Inj(C) ⊆ Y , and Proj(C) ⊆ Y∨
}
,
P˜op :=
{
(F ,G) ⊆ C2 :
(F ,G) is a perfect Thick(G)-cotorsion pair in C with pdG(F) = 0,
Inj(C) ⊆ G, and Proj(C) ⊆ Thick(G)
}
,
C˜op :=
{
(A,B) ⊆ C2 :
(A,B) is a right weak AB context in C, with Inj(C) ⊆ B, and
Proj(C) ⊆ Thick(B)
}
,
G˜op :=
{
G ⊆ C :
G is a right saturated class in C, and pre-enveloping in Thick(G),
such that Proj(C) ⊆ Thick(G)
}
,
where P˜op = C˜op, and the corresponding mappings are denoted by Θ˜op, Ω˜op, Ψ˜op, and Φ˜op.
(A,A ∩ B) F˜ G˜ F
(X , ω) F
(X , ω∧) (F ,F⊥ ∩ Thick(F))
(A,B) C˜ P˜ (F ,G)
Ψ˜
Φ˜ Ω˜
Θ˜Φ˜ Ω˜Ψ˜ Θ˜
Figure 5: Correspondences between left Frobenius pairs, left weak AB contexts, and relative
cotorsion pairs, and pre-covering classes in Krull-Schmidt abelian categories.
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(A ∩ B,B) F˜op G˜op G
(ν,Y) G
(ν∨,Y) (⊥G ∩ Thick(G),G)
(A,B) C˜op P˜op (F ,G)
Ψ˜
o
p
Φ˜
o
p
Ω˜
o
p
Θ˜
o
p
Φ˜op Ω˜opΨ˜op Θ˜op
Figure 6: Correspondences between right Frobenius pairs, right weak AB contexts, and relative
cotorsion pairs, and pre-enveloping classes in Krull-Schmidt abelian categories.
5.3 Some remarks on perfect cotorsion pairs
The problem of obtaining covers by classes of modules has had an important interest recently in
Homological Algebra and Representation Theory of Algebras. This in part has been motivated
by the Flat Cover Conjecture10, settled by L. Bican, R. El Bashir, and E. E. Enochs in [BBE01].
Several authors have studied conditions under which it is possible to obtain covers. For exam-
ple, it is known that every left R-module over a perfect ring has a projective cover. This result
is also valid in the category mod(Λ) of finitely generated modules over an Artin R-algebra Λ,
where R is a commutative Artinian ring with identity. In a more general context, H. Holm and
P. Jørgensen have established in [HJ08, Theorem 3.4] certain conditions under which a class F of
left R-modules is covering. Namely, if F contains the ground ring R and is closed under exten-
sions, direct sums, pure sub-modules, and pure quotient of modules, then (F ,F⊥1) is a perfect
cotorsion pair, and hence F is covering. In the following result, we provide other conditions
under which a class of object in an abelian category is covering.
Corollary 5.3.1
Let C be a Krull-Schmidt abelian category with enough projectives and injectives. Then, there is a one-
to-one correspondence between the following classes:
P˜(C) :=
{
(F ,G) ⊆ C2 : (F ,G) is a perfect hereditary cotorsion pair in C with Thick(F) = C
}
,
G˜(C) := {F ⊆ C : F is a left saturated and pre-covering class in C such that Thick(F) = C} .
Proof.
By Lemma 3.1.5 and Theorem 5.2.5, the bijection is given by (F ,G) 7→ F with inverse
F 7→ (F ,F⊥).
Remark 5.3.2
For the case C := mod(Λ), where Λ is an Artin algebra, M. Auslander and I. Reiten proved in [AR91,
Proposition 3.3] that (F ,F⊥) is a perfect and hereditary cotorsion pair inmod(Λ)withF∧ = mod(Λ),
10Every left R-module has a flat cover.
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whenever F is a left saturated and pre-covering class inmod(Λ) such that F∧ = mod(Λ). The previous
corollary states that these two assertions are in fact equivalent.
5.4 Relationship with some Auslander-Reiten correspondence theorems
In this section, we give some remarks on the relation between perfect cotorsion pairs, pre-
enveloping classes, and cotilting modules, within the framework of the correspondences we
have studied so far. In their seminal paper Applications of Contravariantly Finite Subcategories
[AR91], M. Auslander and I. Reiten proved the following correspondence theorem:
Theorem 5.4.1
Let Λ be an Artin R-algebra.
(a) There exists a one-to-one correspondence between the following classes:
(a)-(i) The class of isomorphisms classes of basic cotilting modules.
(a)-(ii) The class of contravariantly finite resolving sub-categories F ⊆ mod(Λ) satisfying F∧ =
mod(Λ).
(a)-(iii) The class of complete cotorsion pairs (F ,G) with F resolving and F∧ = mod(Λ).
(b) There exists a one-to-one correspondence between the classes:
(b)-(i) The class of isomorphism classes of basic cotilting modules.
(b)-(ii) The class of covariantly finite coresolving sub-categories of inj<∞(Λ).
The correspondence (a)-(i)↔ (a)-(ii) is given by [C] 7→ ⊥C , where [C] denotes the isomorphism
class of C , that is, the class of finitely generated left Λ-modules isomorphic to C . The inverse of
the previous correspondence is given by F 7→ [CF ], where CF is the basic cotilting Λ-module
defined as the direct sum of indecomposable X -injective modules. The proof of this can be
found in [LHK07, Chapter 8 by I. Reiten, Theorem 2.2 (c)] or in [AR91, Theorem 5.5 (a)].
On the other hand, the correspondence (a)-(i) ↔ (a)-(iii) is given by [C] 7→ (⊥C, add(C)∧),
whose inverse is defined as (F ,G) 7→ [CF∩G ], where CF∩G is the direct sum of pairwise non-
isomorphic indecomposable finitely generated left Λ-modules in F ∩ G. This fact is proven
in [LHK07, Chapter 8 by I. Reiten, Corollary 2.3 (b)].
Finally, in [AR91, Theorem 5.5 (b)] or [LHK07, Chapter 8 by I. Reiten, Theorem 2.2 (d)], one can
check that the correspondence (b)-(i) ↔ (b)-(ii) is given by [C] 7→ add(C)∧, whose inverse is
given by G 7→ [CG ], where CG is the direct sum of pairwise non-isomorphic indecomposable
G-projective finitely generated left Λ-modules.
The previous theorem is one of the motivations of Corollary 5.3.1. This can be more appreciated
if we explain how to connect Corollary 5.3.1 and Theorem 5.4.1. Before that, and for a better
understanding, we recall some definitions.
For the rest of this section, we explain how the statements (a) and (b) are actually equivalent.
Before doing that, we recall the terminology used in the previous theorem:
• [GT06, Definition 8.1.1]: A left R-module C is cotilting provided that:
(a) id(C) <∞.
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(b) ExtiR(C
I , C) = 0 for every i > 0 and every index set I , where CI denotes the direct
product of copies of C indexed by I .
(c) resdimProd(C)(Q) < ∞, where Prod(C) denotes the class of direct summands of arbi-
trary direct products of copies of C and Q is an injective cogenerator.
• [AR91]: A left R-moduleM is basic if in a direct sum decomposition no indecomposable
module appears more than once.
• A left R-moduleM is self-orthogonal if ExtiR(M,M) = 0 for every i > 0.
• In [AR91], pre-covering classes are called contravariantly finite, and pre-enveloping classes
are called covariantly finite.
• In [AR91], sub-categories ofmod(Λ) are considered to be closed under isomorphisms and
direct summands, so it follows that resolving and coresolving classes in [AR91] are left
saturated and right saturated in mod(Λ), respectively, according to our terminology.
For the rest of this section, our goal will be to present the previous theorem in a more gen-
eral context. For this, we will define a categorical setting called Auslander-Reiten category (see
Definition 5.4.2).
Definition 5.4.2
Let C be an abelian category. We say that a full sub-category X of C satisfies the Auslander-Reiten
condition (AR condition for short) if the following two conditions are equivalent:
(ar1) X ⊆ Inj<∞(C).
(ar2) (⊥X )∧ = C.
If in addition C has enough projectives and injectives, we say that C is an Auslander-Reiten category
if every right saturated and special pre-enveloping sub-category of C satisfies the AR condition.
Example 5.4.3
Consider the category mod(Λ) of finitely generated left modules over an Artin algebra Λ. In [AR91,
Propositions 5.3 and 5.5], Auslander and Reiten proved that if G is a right saturated pre-enveloping
sub-category of mod(Λ), and ⊥G is the associated left saturated pre-covering sub-category of mod(Λ),
then (⊥G)∧ = mod(Λ) if, and only if, G ⊆ inj<∞(Λ), where inj<∞(Λ) denotes the class of finitely
generated left Λ-modules with finite injective dimension. Definition 5.4.2 is motivated on this result.
Proposition 5.4.4
Let C be an abelian category with enough projectives and injectives. Then there exists a one-to-one
correspondence between the following classes:
G˜
op
AR(C) :=
{
G ⊆ C :
G is a right saturated and special pre-enveloping sub-category of C,
such that G satisfies the AR condition
}
,
P˜AR(C) :=
{
(F ,G) ⊆ C2 :
(F ,G) is a complete and hereditary cotorsion pair in C, such that
G satisfies the AR condition
}
.
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Consider the classes:
C˜AR(C) := {(A,B) ⊆ C
2 : (A,B) is a left AB context in C},
F˜AR(C) := {(X , ω) ⊆ C
2 : (X , ω) is a left Frobenius pair with X∧ = C}.
If in addition, C is an Auslander-Reiten category, then the following equalities hold:
• G˜opAR(C) =
{
G ⊆ C :
G is a right saturated and special pre-enveloping
sub-category of Inj<∞(C)
}
.
• P˜AR(C) =
{
(F ,G) ⊆ C2 :
(F ,G) is a complete hereditary cotorsion pair in C,
with Thick(F) = C
}
.
• P˜AR(C) = C˜AR(C).
Moreover, there exists a one-to-one correspondence between the classes C˜AR(C) and F˜AR(C).
Proof.
Consider themapping Ω˜AR : G˜
op
AR(C)→ P˜AR(C) given by G 7→ (
⊥G,G) for every G ∈ G˜opAR(C). Let
us check that it is well defined. It suffices to show that (⊥G,G) is indeed a cotorsion pair. The
fact that (⊥G,G) is complete and hereditary will follow from the hypothesis that C has enough
projectives and injectives, and the properties of G. First note that class ⊥G is left thick, and G is
right thick. Consider ω := ⊥G ∩ G. Since G is special pre-enveloping and right saturated in C,
for everyX ∈ ⊥G there exists a short exact sequence
0→ X → G→ K → 0
where G ∈ G and K ∈ ⊥1G = ⊥G. Now since ⊥G is closed under extensions, we have G ∈
⊥G ∩ G = ω. On the other hand, it is clear that id⊥G(ω) = 0. Then, ω is a
⊥G-injective relative
cogenerator in ⊥G. Finally, note that G ⊆ (⊥G)∧ since G satisfies theAuslander-Reiten condition.
Thus, by Theorem 2.6.21, we have G = (⊥G)∧ ∩ (⊥G)⊥1 = (⊥G)⊥1 . Hence, the mapping Ω˜AR is
well defined, and its inverse is given by the projection Ω˜AR : (F ,G) 7→ G.
Now suppose that C is an Auslander-Reiten category. The equalities
G˜
op
AR(C) = {G ⊆ C : G is a right saturated and special pre-enveloping sub-category of Inj
<∞(C)},
P˜AR(C) = {(F ,G) ⊆ C
2 : (F ,G) is a complete hereditary cotorsion pair in C, with Thick(F) = C},
are clear. The inclusion P˜AR(C) ⊇ C˜AR(C) follows by Theorem 5.1.3, and P˜AR(C) ⊆ C˜AR(C) by
Theorem 5.1.6.
Finally, it is not hard to see that the mappings
(X , ω∧) (X , ω)
C˜AR(C) F˜AR(C)
(A,B) (A,A ∩ B)
Ψ˜AR
Φ˜AR
are well defined and inverse to each other.
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(F ,F ∩ G) (F ,G) (F ,G) G
F˜AR(C) C˜AR(C) P˜AR(C) G˜
op
AR(C)
(X , ω) (X , ω∧) (⊥G,G) G
Ψ˜AR
Φ˜AR Ω˜AR
Θ˜AR
Φ˜AR
Θ˜ARΨ˜AR
Ω˜AR
Figure 7: Correspondences between left Frobenius pairs, left AB contexts, complete and heredi-
tary cotorsion pairs, and special pre-enveloping sub-categories in Auslander-Reiten categories.
The following result is a categorical version of Theorem 5.4.1. It is a consequence of Proposi-
tion 5.4.4 and Corollary 5.3.1.
Corollary 5.4.5
Let C be an Auslander-Reiten and Krull-Schmidt category. Then P˜AR(C) = P˜(C), and there exists a
one-to-one correspondence between the classes G˜opAR(C) and G˜(C).
P˜AR(C)
(F ,G) P˜(C) C˜AR(C) (A,B)
(F ,F⊥) (⊥G,G)
F F⊥
⊥G G
F G˜(C) G˜op
AR
(C) B
X X⊥ G
F˜AR(C)
(F ,F ∩ F⊥)
(X , ω)
(⊥G,G)
Θ˜
Ω˜
Ω˜
A
R
Θ˜ Θ˜ARΩ˜ Ω˜AR
Figure 8: Correspondences between left Frobenius pairs, left AB contexts, and perfect and
hereditary cotorsion pairs, enveloping classes, and covering classes in Auslander-Reiten and
Krull-Schmidt category.
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Proof of Corollary 5.4.5.
First, note that we have one-to-one correspondences G˜opAR(C)↔ P˜AR(C) and P˜(C)↔ G˜(C). So it
suffices to show P˜AR(C) = P˜(C). Let (F ,G) ∈ P˜(C). Then G is a left saturated enveloping class
in C, and F = ⊥G satisfies F∧ = C. This last equality implies G ⊆ Inj<∞(C). On the other hand,
since G is enveloping and contains the injective modules, it follows that every object has an
injective G-pre-envelope. By the Wakamatsu Lemma [GT06, Lemma 5.12], these G-pre-envelopes
can be constructed in such a way that their cokernels are in ⊥G = ⊥1G = F . Hence, G is a
special pre-enveloping class, and so (F ,G) ∈ P˜AR(C).
Now let (F ,G) ∈ P˜AR(C). Then G is a right saturated special pre-enveloping class in C, con-
tained in Inj<∞(C), and so F∧ = C. By Lemma 5.2.4, it follows that G is enveloping and F is
covering in C. Hence, (F ,G) ∈ P˜(C).
A cotorsion pair in Mod(R) is said to be cotilting if it is of the form (⊥C, (⊥C)⊥), for some
cotilting module C . If C is basic, then (⊥C, (⊥C)⊥) is called a cotilting cotorsion pair.
The following result gives us a characterization of perfect and hereditary cotorsion pairs in
mod(Λ), as a consequence of Corollary 5.4.5.
Corollary 5.4.6
Let Λ be an Artin R-algebra. Then a cotorsion pair (F ,G) in mod(Λ) is perfect and hereditary if,
and only if, it is basic cotilting. Moreover, for every basic cotilting module C , one has the equality
add(C)∧ = (⊥C)⊥.
5.5 Strong Frobenius pairs vs. Hovey triples vs. AB model structures
We devote the last part of this section to complement the correspondences studied before, now
involving the AB model structures in the interplay. We restrict out attention to the following
sub-class of F,
sF := {(X , ω) ⊆ C2 : (X , ω) is a strong left Frobenius pair in C such that Proj(C) ⊆ X∧}
and show how this class is in one-to-one correspondence with the AB model structures.
Proposition 5.5.1
Let C be an abelian category with enough projectives. If (X , ω) is a strong left Frobenius pair in C with
Proj(C) ⊆ X∧, then the X∧-cotorsion pairs (X , ω∧) and (ω,X∧) in C, from Theorems 3.3.1 and 3.3.2,
are both left strong hereditary in C.
Proof.
By Proposition 4.3.1, we already know that (X , ω∧) and (ω,X∧) are hereditary X∧-cotorsion
pairs in C. On the one hand, by Proposition 3.4.2, we have Proj(C) = Proj(X∧). On the other
hand, Proj(X∧) ⊆ X , ω. Hence, Proj(C) ⊆ X , ω. The fact that X and ω are resolving in C follows
by Remark 3.4.3.
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Consider the following class:
T :=

(X , ω) ⊆ C2 :
ω ⊆ X is closed under direct summands in X , X∧ is an exact
sub-category of C, and (X ,X∧, ω∧) is a left strong hereditary
Hovey triple in X∧

 .
In the next lines, we prove that the classes sF and T coincide. We begin with the following
property of Hovey triples.
Proposition 5.5.2
Let C be an abelian category with enough projectives, and S be an thick sub-category of C. If (F ,S,W)
is a left strong hereditary Hovey triple in S , then (F ,F ∩W) is a strong left Frobenius pair in C, and
F ∩W = Proj(C).
Proof.
Set ω := F ∩ W . By hypothesis, we have that (F ,W) is a left strong hereditary S-cotorsion
pair in C. By Theorem 3.4.4, we have that (F , ω) is a left Frobenius pair in C. On the other hand,
by condition (scp5) for the S-cotorsion pair (ω,S), we have that for every F ∈ F there exists a
short exact sequence
0→ F ′ →W → F → 0
whereW ∈ ω and F ′ ∈ S . Using the fact that F is closed under kernel of epimorphisms in F ,
we have F ′ ∈ F . It follows that ω is a relative projective generator in F . It suffices to show
pdF (ω) = 0 in order to conclude that F is also F-projective, and hence (F , ω) will be a strong
left Frobenius pair in C. This will follow after proving F ∩W = Proj(C).
From the left strong hereditary S-cotorsion pair (ω,S) in C, it is clear that ω = Proj(S). On the
other hand, since C has enough projectives, we have by Proposition 3.4.2 that Proj(S) = Proj(C).
Therefore, the result follows.
The previous proposition is also valid if we replace S by an exact sub-category E ⊆ C. However,
it is stated and proven in terms of S due to the simplicity of its proof and the purposes of this
paper.
We have the following result.
Theorem 5.5.3
Let C be an abelian category with enough projectives. Then sF = T.
Dually, if C is an abelian category with enough injectives, then the classes sFop and Top are equal, where:
sFop := {(ν,Y) ⊆ C2 : (ν,Y) is a strong right Frobenius pair in C such that Inj(C) ⊆ Y∨},
Top :=

(ν,Y) ⊆ C2 :
ν ⊆ Y is closed under direct summands in Y , Y∨ is an exact
sub-category of C, and (Y∨,Y, ν∨) is a right strong hereditary
Hovey triple in Y∨

 .
Proof.
We only prove the equality sF = T. Let (X , ω) ∈ sF, that is, (X , ω) is a strong left Frobenius
pair in C such that Proj(C) ⊆ X∧. By Proposition 5.5.1, the X∧-cotorsion pairs (X , ω∧) and
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(ω,X∧) = (X ∩ ω∧,X∧) are left strong hereditary. Then the Hovey triple (X ,X∧, ω∧) is left
strong hereditary, and hence (X , ω) ∈ T.
Now let (X , ω) ∈ T, that is, (X ,X∧, ω∧) is a left strong hereditary Hovey triple in the exact
category X∧ such that ω ⊆ X is closed under direct summands in X . Then by Proposition 5.5.2,
we have (X ,X ∩ ω∧) is a strong left Frobenius pair in C. It is only left to show that ω = X ∩ ω∧.
The inclusion ω ⊆ X ∩ω∧ is clear. Now supposeX ∈ X ∩ω∧. SinceX ∈ ω∧, there exists a short
exact sequence
0→W ′ →W → X → 0
with W ∈ ω and W ′ ∈ ω∧. On the other hand, X ∈ X and (X , ω∧) is a cotorsion pair in X∧,
and so the previous sequence splits (as a short exact sequence in X∧), which implies that X is
a direct summand ofW ∈ ω, and soX ∈ ω. Therefore, X ∩ ω∧ ⊆ ω.
The following result is a consequence of Proposition 5.5.2 and Theorem 5.5.3.
Corollary 5.5.4
Let (X , ω) be a strong left Frobenius pair in C with enough projectives. Then the inclusion Proj(C) ⊆ X∧
implies ω = Proj(C).
To conclude this section, we show that there exists a one-to-one correspondence between sF =
T and the following collection of exact model structures:
M :=
{
(M,S) :
S is a thick sub-category of C andM = (Q,R,T ) is a projective exact
model structure on S such that Q is resolving in C, and T ⊆ Q∧
}
.
Theorem 5.5.5
Let C be an abelian category with enough projectives. Then the mapping
Ξ: sF→M
(X , ω) 7→ (MprojAB (X , ω),X
∧),
whereMprojAB (X , ω) is the projective AB model structure on X
∧ from Theorem 4.1.1, defines a one-to-
one correspondence between the classes sF andM.
Dually, if C is an abelian category with enough injectives, then the mapping
Ξop : sFop →Mop
(ν,Y) 7→ (MinjAB(ν,Y),Y
∨),
whereMinjAB(ν,Y) is the injective AB model structure on Y
∨ from Theorem 4.1.1, defines a one-to-one
correspondence between the classes sFop and
Mop :=
{
(M,S) :
S is a thick sub-category of C andM = (Q,R,T ) is an injective exact
model structure on S such thatR is coresolving in C, and T ⊆ R∨
}
.
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Proof.
We only prove the statement concerning Ξ. First, note that the map Ξ is well defined since the
exact model structureMprojAB (X , ω) on X
∧ is unique by Hovey-Gillespie Correspondence, and X is
resolving in C by Theorem 5.5.3.
Now we construct an inverse for Ξ. Let Γ be the map:
Γ: M→ sF
(M,S) 7→ (Q,Q ∩ T ),
where Q, R and T denote the classes of cofibrant, fibrant and trivial objects ofM. We check Γ
is well defined. IfM = (Q,R,T ) is a projective exact model structure on S , thenR = S , and by
Hovey-Gillespie Correspondence we have that (Q,S,T ) is a Hovey triple. On the other hand, the
cotorsion pair (Q ∩ T ,S) in S is clearly left hereditary in S , and (Q,T ) is also a left hereditary
cotorsion pair in S since Q is resolving in S . Since S is thick, we have Q and Q ∩ T are both
pre-resolving in C. In order to show that the Hovey triple (Q,S,T ) is left strong hereditary in
S and apply Proposition 5.5.2 to conclue that (Q,Q ∩ T ) is a strong left Frobenius pair in C, it is
only left to show that Proj(C) ⊆ Q,Q ∩ T .
By definition of M, we have Proj(C) ⊆ Q. On the other hand, note that Q ⊆ S . Then by
Proposition 3.4.2, we have that Proj(C) = Proj(S), where Proj(S) = Q ∩ T since (Q ∩ T ,S) is a
cotorsion pair in S . It follows (Q,Q ∩ T ) ∈ sF.
Finally, to check that Ξ and Γ are inverse to each other, we need to check the equalities S = Q∧
and T = (Q ∩ T )∧, for every (M = (Q,R,T ),S) ∈M.
• Proof of the equality S = Q∧: Note thatQ∧ ⊆ S since S is thick. Now let S ∈ S . Since the
pair (Q,T ) is complete in S , there exists a short exact sequence
0→ T → Q→ S → 0
with Q ∈ Q and T ∈ T ⊆ Q∧. It follows S ∈ Q∧, and so S = Q∧.
• Proof of the equality T = (Q∩ T )∧: The equality S = Q∧ proven above and Theorem 3.3.1
imply that
(Q ∩ T )∧ = Q⊥ ∩ Q∧ = Q⊥ ∩ S.
On the other hand, since (Q,T ) is a hereditary cotorsion pair in S , we have
T = Q⊥1,S = Q⊥1 ∩ S = Q⊥ ∩ S.
Hence, (Q ∩ T )∧ = T .
We have
Ξ ◦ Γ(M,S) = Ξ(Q,Q ∩ T ) = (MAB(Q,Q ∩ T ),Q
∧),
where (Q,Q∧, (Q∩T )∧) is the Hovey triple correspinding toMAB(Q,Q∩T ). From the equal-
ities Q∧ = S = R and (Q∩ T )∧ = T , we have:
Ξ ◦ Γ(M,S) = (MAB(Q,Q ∩ T ),Q
∧) = ((Q,R,T ),S) = (M,S).
Hence Ξ ◦ Γ = idM.
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Now let (X , ω) ∈ sF. We have:
Γ ◦ Ξ(X , ω) = Γ(MAB(X , ω),X
∧) = (X ,X ∩ ω∧).
Since (X , ω) is a left Frobenius pair, we have X ∩ ω∧ = ω by Theorem 3.3.1. Then
Γ ◦ Ξ(X , ω) = (X ,X ∩ ω∧) = (X , ω).
Hence, Γ ◦ Ξ = idsF.
We close this section by complementing the correspondence given in Theorem 5.1.7 for abelian
categories with enough projectives, when we restrict to the sub-class sF.
Corollary 5.5.6
Let C be an abelian category with enough projectives. Then there exists a one-to-one correspondence
between the class sF,M, and:
sP :=
{
(F ,G) ⊆ C2 :
(F ,G) is a Thick(F)-cotorsion pair in C with idF (G) = 0
and F ∩ G = Proj(C)
}
.
Dually, if C is an abelian category with enough injectives, then there exists a one-to-one correspondence
between the class sF,Mop, and:
sPop :=
{
(F ,G) ⊆ C2 :
(F ,G) is a Thick(G)-cotorsion pair in C with pdG(F) = 0
and F ∩ G = Inj(C)
}
.
Proof.
We only prove that sF and sP are in one-to-one correspondence. Consider the map Φ: F → P
from Theorem 5.1.7. Let (X , ω) ∈ sF ⊆ F. We show that Φ(X , ω) = (X , ω∧) ∈ sP. First, we
already know that (X , ω∧) is a X∧-cotorsion pair in C with idX (ω
∧) = 0. On the other hand,
since C has enough projectives, we can apply Corollary 5.5.4 and obtain X ∩ ω∧ = ω = Proj(C),
thus proving (X , ω∧) ∈ sP. This implies that the restriction of Φ on sF gives rise to a mapping
sΦ := Φ|sF : sF→ sP.
In order to show that the mapping sΦ defines a one-to-one correspondence between sF and
sP, it suffices to show that the restriction of Ψ: P → F (the inverse of Φ in Theorem 5.1.7) on
sP, has its image in sF. Let (F ,G) ∈ sP, that is, (F ,G) is a Thick(F)-cotorsion pair in C with
idF (G) = 0 and F ∩ G = Proj(C). On the one hand, we already know that Ψ(F ,G) = (F ,F ∩ G)
is a left Frobenius pair in C. So it is only left to show that ω := F ∩ G is an F-projective relative
generator in F with Proj(C) ⊆ F∧. This follows by the facts that F ∩ G = Proj(C), that C has
enough projectives, and that F is left thick.
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(X , ω∧) (X , ω) (X , ω) (Mproj
AB
(X , ω),X∧)
sP sF T M
(F ,G) (F ,F ∩ G) (Q,Q∩ T ) (M,S)
sΦ Ξ
sΨ Γ
sΨ
ΞsΦ
Γ
Figure 9: Correspondences between strong left Frobenius pairs and projective AB model struc-
tures on abelian categories with enough projectives.
(ν∨,Y) (ν,Y) (ν,Y) (Minj
AB
(ν,Y),Y∨)
sPop sFop Top Mop
(F ,G) (F ∩ G,G) (R∩ T ,R) (M,S)
sΦop Ξop
sΨop Γop
sΨop
ΞopsΦop
Γop
Figure 10: Correspondences between strong right Frobenius pairs and injective ABmodel struc-
tures on abelian categories with enough injectives.
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